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SYITOPSIS 


This thesis deals with two methods of solving two-dimen- 
sional Laplace equation under Dirichlet conditions, numerically. 
The methods have their foundation in the potential theory. A 
given charge distribution of density C7“ on a closed curve C, in 
a plane, results in a logarithmic potential function V, 

V(P) =-/cr(q) logjq-Pl dq ... (i) 

C 

where P is a point v/ithin the domain D, bounded by the closed 
curve C. It satisfies two-dimensional Laplace equation in D 
and the boundary equation V(P) = <l>(p) , where p is a point on 
the closed curve C, In this thesis, we shall distinguish a 
point on the boundary by p and a point in D by P. Thus 

•sCp) ~ - f o-(q) log I q-p I dq ... (ii) 

C ' ' 

Conversely, if a function which satisfies Laplace equation in D 
and has a known value $ on the boundary, then it is always 
possible to find a unique distribution cr(q) on the boundary 
which satisfies (il) . Having knoivn o- , from the given value of 
^>(p) , on the boundary it is possible to find the value of V(P) 
in D by (i) by substituting the value of cr (q) . This idea has 
been exploited for the numerical solution of the Dirichlet 
Problem for two-dimensional Laplace equation. This method has 
been referred to as First Method in the thesis. The first 
difficulty, that is encountered theoretically is the singularity 



of the kernel of the integral equation (ii) , but as explained 
in Chapter 2, the boundary integral equation for o- (q) in (ii) 
is a well posed Fredholm equation of first kind. Hence the 
solution of the integral equation (ii) in o- (q) is possible. 

For numerical solution, one has still to manage the singu- 
larity. This has been found to be possible by approximating the 
arc length, adjoining the point of singularity to a straight line 
or to an arc of a circle as explained in Chapter 2. From the 
results it seems that for higher accuracy, in case of a curve 
with a large curvature one may approximate the arc of the curve 
to an are of circle. For an accuracy of about 1 */ , three or 
four terms of the expansion (42) (these numbers refer to the 
equations in the thesis) may be taken to have the desired accu- 
racy for some suitable values of R. The formula (42) indicates 
that one has to be very cautious when the curvature is large. 

On the other hand, for a curve with a small curvature, the 
straight line approximation is reasonably acceptable. For more 
accuracy one might take only the first three terms in the second 
bracket of (42) , Having established these results theoretically, 
it was considered necessary to test the results. This has been 
done for the case of a circle (Chapter 3) and for a rectangle 
(Chapter 5) . The geometries of these two curves are entirely 
different. Further, the boundary values that were taken, was 

that of two harmonic functions, one of which is odd and another 
an even function. The analytical results are therefore known 
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Inside the curve. These were compared with the numerical 
results obtained by the above method and were found to be satis- 
factory, although for the case of the rectangle the computation 
was done on a small Russian computer MIMSK-2, available at 
I.I.T,, Bombay. The results, obtained by using different quadra- 
ture formulae, in case of the circle are given in Table Nos .5-8, 
Chapter 3. The maximum error by Gauss Legendre quadrature 
formula for only 38 nodal points on the boundary turns out to 
be 2 .4 X • Results in case of the rectangle are given in Table 
Nos. 34 and 36 in Chapter 5. The maximum error at any grid 
point is about .3 % , when 48 nodal points were taken on the 
boundary. 

Another method is based on the analogy of the distri- 
bution of the dipoles on a curve. This leads to the normal 
derivative of the logarithimic kernel. For a continuous distri- 
bution of dipoles of density on a closed curve C, the poten- 
tial function within the region enclosed by the curve C is 
given by the following equation 

W(P) = f /uiq) 1“ log |q-P| dq ... (iii) 

C q 

which on the boundary C becomes 

8 

g(p) = //^(q) log Iq-pj dq + TiywCp) ... (iv) 

C q 

where ¥(P) = g(p) , at the boundary point p. 

¥hen the boundary value g(p) is given we first find the 



VI 


value of ^(q) from (iv) , which is a Fredholm equation of second 
kind having a unique solution, ¥e then substitute back in (iii) 
to get the value of ¥(P) . This method has been referred to as 
the Second Method in the thesis. One again encounters the t57'pes 
of difficulties, mentioned for the First Method, Although a 
simple formula can be found for the norraal derivative of the 
kernel in the case of a circular boundary yet this result is 
not that easy for the case of other boundaries . However as 
pointed out in Chapter 2, the Cauchy-Riemann equations become 
very handy and pretty accurate values of the normal derivative 
of the kernel can be found for any boundary. The ideas were 
again tested in the case of the circle (Chapter 4) and rectangle 
(Chapter 5) , The functions prescribing the boundary values 
were also taken to be the same. The numerical and analytical 
results along with the absolute errors for N = 8,16,24 and 32 
in case of the circle are given in Table Nos. 21-24 in Chapter 4. 
The maximum error for N = 32 , by Gauss Legendre quadrature 
formula is ,14 and by trapezoidal rule ,0014 , Similarly 

results were obtained in case of the rectangle which are given 
in Table Nos, 38 and 40, The maximum error for N = 48 is about 
1 X , Thus perhaps the Second Method is slightly better than 
the First Method, The time consumed in running a programme on 
the computer TBM/7044: at I,I,T,, Kanpur, in case of the circle 
by any of the two methods for all values of N mentioned above 
is less than 1 minute. The theoretical problem of errors or 
stability of the methods have not been discussed. There are/ 



many other directions in which the work done in this thesis 
can he extended. 

These methods have been used in solving some technically 
important problems namely the torsion problems for a beam of 
recta^ngular cross-section with a rectangular or triangular notch, 
in Chapter 8, This has been done after again testing the methods 
with reference to the problems of different geometries for which 
analytical results are available. This refers to the problems 
of beams of rectangular or equilateral triangular cross-sections 
(Chapter 6) and a beam with a circular cross-section with a 
circular notch (Chapter 7) . The numerical solutions when compa- 
red with analytical ones seem to be quite satisfactory. The 
maximum error in case of the rectangular cross-section for 
I = 48 is .62 i. by First Method and ,10 */ by Second Method. 
Similarly, in case of the equilateral triangular cross-section 
the maximum error for the same value of N is .65 */, by First 
Method and ,43 i, by the Second Method. The errors in case of 
the notched circular cross-sections may be found in Chapter 7, 

As pointed out earlier the torsion problems for a beam 
of rectangular cross-sections with notches have been done in 
Chapter 8, The problems have been discussed by each of the 
two methods separately. Firstly 16,32 and 48 nodal points 
were taken on the boundary. The results vrere obtained by the 
First Method, The results are converging. The same problem 
was again done by the Second Method, by taking the same numbers 
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of points. The results again converge and it is gratifying to 
note that they seem to converge to the same values. The work 
could not be carried further because of the limited capacity 
of the computer available. The results are given in tabular form 
in Chapter 8, It is thought that these are very close to the 
exact results. 

lastly a remark is made for the contents of Chapter 1, 
which describes briefly the problem and the knoxm methods and 
may therefore be taken as Introduction, It appears that the 
methods given in this thesis are simpler than those kno\m 
before and can be run on the digital computer. The programmes 
for all the problems are given in Appendices I to YI, 



CHAPTER 1 


TWO-DIMENSIONAL LAPLACE EQUATION 


In most of the physical problems of elasticity, fluid 
mechanics, electrostatics, magnetostatics etc,, one often deals 
with the following elliptic equation 


ii— m ii ffl i. niiiiiiiiiiiiiiii -W ii fm n . «m wm m , 

0x^ dy^ 0 2^ 


0 


( 1 ) 


where is a real valued twice continuously differentiable 

3 

function defined on a domain X contained in R , The family of 

O 

such class of functions is usually denoted by C (X) . When $ 
is a function defined on R , (1) takes the following form 






«: 0 


... ( 2 ) 


A function <s(x,y) 6 C^(X) is said to be harmonic on X iff 
$(x,y) is a solution of (2) at each point of X, In R^, let X 
be a bounded point set whose interior I is simply connected and 
whose boundary C is a contour. If u(x,y) is a prescribed function 
which is defined and continuous on C, then the Dirichlet Problem 
for the Laplace equation is that of determining a function 
<l> s <&(x,y) which is defined and continuous on C, harmonic in I 
and identical with u(x,y) on C, 


It is well known that the Dirichlet Problem has a unique 
solution and this can be established with the help of the theories 
of. subharmonic and super harmonic fimetions Z" 34_7 , finite 



differences Zr 15__7 , Green's function 14_7 ^ integral equations 
ZT 35_J7, Dirichlet's principle H 1Z_J and conformal mapping Z45_/. 
The solution can be analytically given in terms of the Poisson's 
integral if the boundary is a circle. The problem can be solved 
when the boundary is a rectangle with the help of the Fourier 
series. For any other problem the solution may be obtained if 
the region can be mapped conformally by an explicit mapping 
function onto a circular or a rectangular region. Beyond these 
cases the problems involved do not seem amenable for analytical 
treatment and recourse has to be taken to numerical methods, 

¥e now state another type of boundary- value problem 

related to Laplace equation. Let X be a bounded point set in 
2 

R , whose interior I is simply connected and whose boundary G 
is a smooth curve. Let g(x,y) be defined and continuous on C, 
then the Neumann Problem for Laplace equation is to find a 
function $(x,y) which is defined and continuous on X, is harmo- 
nic on I and its normal derivative 1:^ satisfies the condition 
= g(x,y) on G. It is well known that Neumann Problem will 
have at least one solution/" 35,48_7 only when g ds = 0, 
Moreover, if $(x,y) is such a solution then every solution is 
of the form $'(x,y) + K ZT 48/7? where K is an arbitrary constant. 
Thus under given assumptions the Neumann Problem has infinity 
of solutions. However, if the solution has a prescribed funct- 
ion value at just one point of G, then the solution exists and 
is unique. 
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Another houndary-valne problem of Interest is the Cauchy 

2 

Problem, Let X be a bounded point set in R , whose interior I 
is simply connected and whose boundary C is a smooth curve. Let 
f(x,y) be a continuous function on a part of C and h(x,y) 
be another bounded and continuous function on the remaining part 
of C, say Cg, then the Cauchy Problem is to find a function 
4)(x,y) which is defined and continuous on X, is harmonic on I, 
is identical with f(x,y) on C^ and satisfies the condition 
= h(x,y) on Cg, The fact that Cauchy Problems have unique 
solutions appears to have been established first by Lichtenstein 
36_/ . Later efforts are also discussed by Miranda 12 42 

Because the Neumann Problem is not well posed, for a 
first study, we have chosen the Dirichlet Problem. In sub- 
sequent work the solution of the Neumann Problem will be attem- 
pted, Some of the numerical methods available for the purpose 
are the following: 

1, Finite difference methods £ 3,17,18,21-26,38,39 

2, Variational methods Z" 12 ,30 ,33,43,56 

3, Method of discrete Green's function Z" 3 

4, Method of hypercirele Z*34_7, 

5, Monte Carlo method Z” i20 ,27, 55_/, 

6, Method of kernel functions £ 6,7,29,45 _y, 

7, Method of boundary contraction Z* 10, 11, 41 

8, Method of linear programming £ 59_J , 

There are other methods e.g., graphical methods Z" 47 method 
of reduction to ordinary differential equations Z”l_7j method 
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of approximate conformal mapping Zr44,57_7; Newton’s method 
C 41 J etc., discussed in the literature which have not been 
widely used. Details about these may be found in the references. 
A brief description of these methods is given below. 

In finite difference methods, the differential equation 
is replaced by a difference equation and the set C (Jl by a 
suitable discrete point set. This in essence reduces the equa- 
tion in partial derivatives into one in algebra; and the region 
under consideration into a grid. The values of the function 
are found at the lattice points of the grid. If the grid is 
one such that the grid size h, iri the x-direction is not nece- 
ssarily the same as the grid size d, in the y-direction, then 
the Laplace equation can be reduced to Z" 26^ : 


-20 Uq + 2 


5-p^ 5p^-l 


+ (Ug+ UgH- u^+ Tig) = 0 ... (3) 

where p = t/d, Uq= u(x,y) , u^=u(x+h,y) , u(x,y+d) , 

Ug= u(x-h,y) , u^ = u<x,y-d) , Ug = u<x+h,y'i-d) , Ug =u(x-h,y+d) , 
u,^ = u(x-h,y-d) and Ug = u(x+h,y-d) . 

The results can be further generalised. If (x,y) termed as the 
point 0 be any lattice point of the grid and the four neighbour- 
ing points (x+hj, y) , (x,y+hg) ,(x-hg,y) and (x,y-h^) be termed 
as 1,2,3 and 4 respectively, then the Laplace equation at 0 can 
be approximated by 
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-[■ 


2.2 

& 


2 n. 


2 Uc 


^ 1^3 hgh^ 


^o h]_(h^+hg) *'■ hg(hg+h^) 


2 u. 


2 u. 


hgChj+hg) h^Chg+h^) “ ^ 


... (4) 


where u^, u^, Ug, u^, are values of u at o, 1,2, 3, 4 respecti- 
vely, This result simplifies a great deal if h^^jhgjh^jh^ are 
all equal, and in that case, 

( U ;^+ U + U + ) 

“o = 4 ...(5) 


which is discrete analogue of the mean value property for 
harmonic functions. 

Further it may he noted that in the process of dividing 
the region by grid, some points of the boundary will lie on the 
mesh lines and not necessarily at the lattice points. If h^, 
hg, hg, h^ are taken to be equal then two far a point near the 
boundary, some or all of h^, hg, h^, h^ will be fractions of h 
and in that case the formula (4) will have to be applied. It 
may be added that except in the case of the rectan^e or square 
it is generally not possible to have a square grid with the 
mesh size h^^ s= hg= h^^^ h^ and the lattice points falling on the 
contour C, In this case formula (5) can be usefully applied. 
The linear simultaneous equations are then solved by any one 
of the classical methods which include e.g., the Gauss method, 
the relaxation method and the iterative method. The method has 



6 


been very widely applied but if the value of <I> is required 
only at a few arbitratily chosen fixed points within C, the 
whole problem is to be solved, perhaps on a finer mesh. 

In variational methods for some boundary- value problems, 
it is possible to specify an integral expression J(<i>) for the 
partial differential equation. This expression can be formed 
for a certain class of functions $ and which has a minimum value 
for oust that function u, which solves the boundary- value 
problem. In the present case when the partial differential 
equation is a Laplace equation and the boundary- values are 
prescribed, the integral is 

*= If ) dx dy (6) 

which is minimised subject to the given value of en C, It is 
proved C 58_7 that the minimum of ( 6 ) exists. To find an appro- 
ximate solution, a class of functions is defined by the various 
sets of values of a finite number of parameters borne by a 
single analytical expression which assumes the required values 
on the boundary C for all values of the parameters. The para- 
meter-laden expression is substituted for $ in the integral of 
(6) , and the minimum of J(^) with respect to the parameter is 
effected. The minimizing values of the parameters thus define 
that function of the given class which is required. The method 
is in general quite laborious in its execution and the main 
difficulty lies in finding a sufficiently simple function 
ti(x,y) , 



In the method of discrete Green *s function, the exact 
solution of the usual difference equation that approximates the 
Laplace equation is directly obtained. The method applies to 
problems defined on a rectangle or rectangular strip, and 
therefore also to problems defined on regions which may be 
conformally mapped onto a rectangle or rectangular strip. It 
consists of the following procedure : (i) deriving the expression 
for the exact discrete Green’s function satisfying the required 
boundary conditions (ii) evaluating this function numerically, 
and (iii) applying this function to obtain the desired solution 
of the difference equation. The Green's function is the inver- 
se of a matrix whose elements are given by the coefficients of 
the difference equation and the boundary conditions, and the 
method could be derived and applied in matrix language without 
mentioning of the concept of a Green’s function. 

The method of hypercircle is applicable to all those 
boundary- value problems which can be reduced to the form where 
one is required to find the intersection of two orthogonal 
linear subspaces of a function space. The fact that the 
Dirichlet Problem for Laplace equation can be reduced to this 
form is proved by Synge Z" 54_7. To follow the method, it is 
necessary to be familiar with the following definitions. A 
hyper sphere is defined as a subspace of a function space (F- 
space) consisting of all F-points equidistant (radius R) from 
some fixed F-point P (the centre) . Its equation is 
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(X - P) ^ . 

Now consider the following N equations, 

X. (9 s= 1,2,....,N) 

where S,^ are N-linearly independent fixed F-vectors and b^ are 

N fixed numbers. The F-points with position vector X satisfying 

these equations form a sub space which is called a hyperplane of 

class N and is denoted by The intersection of a hypersphere 

and of hyperplane of class N is known as the hypercircle of 

class N, Let L’ and L” be two nonintersection orthogonal linear 

subspaces such that S’ G L* and S” G L” , then one consider the 

closest approach of L’ and L”by studying the square distance 
2 

(S’ - S” ) as S’ and S” range through L’ and L” respectively, 

2 

Since L’ and L” do not intersect so (S’ - S” ) never vanishes. 
Hence it will have a lower bound greater than zero and if we 
assume that this lower bound is attained for say S’ = V* and 
S” s= V” , then the points V* and V” are called the vertices of 
L’ and L” respectively. 

With these definitions we proceed to explain the method 
of hypercircle. Suppose, we can find a finite number of points, 
say (r + 1) in L* and (s + 1) in L" , then the former define a 
linear r-space CL’ and latter define s-space L’^C.L^ . 

Let the vertices of L^ and L’^ be ?’ ani Y” respectively, then 
it is extremely unlikely that either of these vertices will 
actually be solution S of the Dirichlet Problem, but we may hope 
that by making r and s fairly large we may make both Y' and Y” 
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lie close to S, It is this idea which forms the "basis of this 

method. Once we have found V’ and V” then it can be shown C 54_7 

that the unknown point S must lie on a certain hypercircle 

having the join of V’ and V" for diameter. This fact puts 

bounds on S and in certain cases puts point wise boundes on the 

2 

solution. We know then precisely the value of (S - P) , where 

2 

P is the centre of the hypercircle, for its value is R , where 

R is the radius of the hypereircle. If we are interested in a 

good approximation, then we have to work to make R small. If 

this is done then P or any point on the hypereircle, is a good 

approximation to the solution S in the mean square sense . 

¥e mention here some of the Monte Carlo methods of 
solving linear simultaneous equations without much details. 

The first Monte Carlo method is based on one proposed by Von 
Heumann and Ulam 46,55_7, It is also known as direct method. 
There is also an adjoint method which is more suitable for 
finding the shape of the column vector x , of unknowns than 
the direct method, which concentrates on a single element x^ 
of if. Later Hal ton Z” 27_7 studied a method of accelerating 
the process in adjoint method, known as sequential method. 

For solving two-dimensional Laplace equation by Monte 
Carlo method, we replace it by finite difference approximation, 
which is 

^(x,y) 5= ^ ^<!E>(x,y+h) + $(x,y-h) + i^(x+h,y) + ^(x-h,y)| 
for a mesh size h. Now suppose for simplicity that the boundaiy 
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C lies on the mesh, and consider a random walk that starts from 
a given interior point P of the region D, enclosed by C, and 
proceeds by stepping to one of the four neighbouring points at 
random until finally it hits the boundary C at a point Q, It 
may be remarked that the four possible neighbours have equal and 
independent probabilities at each step. Then f(Q) is an unbiased 
estimator of <E>(P) , To show this it is enough to reduce the 
problem to the simultaneous linear equations. The order of H, 
the coefficient matrix of N x N, is equal to the number of mesh 
points in D and where H has four elements equal to 1/4 in each 
row corresponding to an interior point of D, all other elements 
being zero. The random walk is then identical with the first 
or direct method. There is an adjoint method also which means 
starting walks out from the boundary. If the starting point is 
chosen on the boundary with a probability distribution p(Q) , 
and a walk passes through the point P just N(P) times before 
hitting the boundary again, then the unbiased estimator of <I>(P) 
is 1/4 (N(P) f (Q)/p(Q) ) , In view of Curtiss analysis Ll^J the 
methods turn out to be generally Inefficient. 

It is proved £ 1 _J that the solution of the Dirlchlet 
Problem for two-dimensional Laplace equation in the domain D, 
bounded by the closed contour C can be expressed as 

$(Q) = - / $(p) dSp 5 Q e D, P e C 

C P 

where Up is the outward drawn normal to the boundary at the 
point P and 
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i;(P,Q) = H(P,Q) - G(P,Q) 
having the following meaning : 

K(P,Q) : kernel function, 

N(P,Q) ; Neumann's function of the domain D with respect 
to the given problem, 

G(P,Q) : Green's function for the given problem. 

Thus, if one can determine the kernel function K the problem 
is solved. Further it has been proved Z" ?_/ that the kernel 
function can be expanded into the infinite series 

CO 

K(P,Q) = S XQ) 

/ 2=1 ^ ^ 

where ^^(P) is a complete orthonormal set of harmonic functions. 
In using this method one is particularly interested in estimates 
of the error committed by replacing infinite orthogonal expan- 
sions by finite ones, Nehari ZT 45_7 recently has given such 
estimates for a number of Dirichlet Problems. 

Consider a closed bounded and simply connected region S’, 
boundary of which is a Jordan curve defined as 

r = f(e') , (0 < e ’ < 27C ) ... (7) 

where f(0 ’) vanishes nowhere and possesses second order deriva- 
tives at all but a finite number of points. It will be further 
assumed that the pole can be chosen at such a point 0 interior 
to S', that the function f (6 ’) is single valued. Introducing a 
another coordinate system E,0 related to first one as follows. 
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0=0’ ^ R = r/f(0’) I (O<0<2'n: 50 <R< 1 ) 

... ( 8 ) 

Let R. = ^ (3 = 0,1,,,,) where 0 < ? < 1 is a constant then 

the corresponding sequence of contours C. so defined are simi- 
lar figures in perspective from 0, A grid system suitable for 
the contraction process may now be defined, A set of R equally 
spaced radii may be constructed emnating from 0 with radial 
angles given by : 

0j^ = n.A0 f A0 = Btc/N j (n = 0,1, ,R-1) 

where N is mostly taken as odd. The nodal points of the grid 
system (Fig,l,pp,i8) are taken to be the points of intersection 
of radial lines with the contours and the value of 

the solution $ = $(R,9) of Laplace equation at these points will, 
be denoted by j0„) _. Then in case of Dirichlet 

Xi J jll 

Problem, (in which boundary- value s are prescribed at the boundary 
of R’) it is implied that the numerical solution is knom 
initially at the nodal points of C , Suppose now an approxi- 
mating scheme can be found which relates only the unknown values 
on to those on C^, The approximations relations may be either 
implicit or explicit, but the number of unknowns to be determined 
in finding the values on is in any case limited by the number 
of grid points on and does not involve any other unknown 
values on other contours. Thus to determine the values of the 
solution on C^, it is required to solve at most M simultaneous 
equations. After the solution is determined on the original 



set of values prescribed on is discarded and is replaced 
by the newly computed data on C^, giving rise to a new boundary- 
value problem on the contracted contour. The values on Cg are 
now obtained from those on and the process is repeated. 

Now if 

z = Rf(0) (cos 0 + i sin 0) 

then, 

_ j^k k0 + i sin k0) , k=0,l,2,,.. 

k 2 

It is known that real and imaginary parts of z satisfy \7 <J>=0 , 
in any bounded region of the R,0 plane. We consider them on 
the contour l,e,, R = 1 and write : 

<^(1,0) = ^f(0)J^ cos k0 , k=:0,l,,,. 

<i)_j^(l,0) = ^f(0)j^ sin k0 , k = 1,2,.,, 

It can be proved that the functions ^$_^|^(1,0)^ are linearly 

independent ZT 11_7 ? and so by Gram-Schmidt process an orthogonal 

system ,0) j k = 0,1, ...Jean be constructed. The functions 

h_j_j^(l,0) defined only on can be extended to functions 

N^j^(R,0) on any bounded region of the R,0 plane except at R = 0, 

2 

and it can be shown that '’^4.]jd,0) = 0. Now let, 

$(1,0) = g(0) ... (9) 

be a continuous function defined on C^, then a function 
$ = $(r,6') = $(R,0) exists, harmonic in R* and tending to g(0) 
on as a limit point from the Interior, Then it can be 
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proved £ 11_7 that g(0) can be expanded as 


oo 

g(e) = s aj^7?^(i,e) 

«n»00 


where 


Stc 

= / g(e) r)^(l,e)de 

o 

Consequently, the solution of the Laplace equation subject to 
the boundary condition (9) is then i 


OO 

$ S $(R,e) = 2 a, V (Rfd) ... <10) 

Where (10) is a convergent series Z" foi* 0 < R <. 1, 


The method of linear programming to solve the second 
order partial differential equations, with prescribed boundary 
conditions is based upon the following principle : 

An optimal solution is obtained to an over- determined 
system of linear inequalities that are derived from the locali- 
zation of the differential equation to some set of discrete 
points from the prescribed conditions, and from the application 
of approximation formulas. We demonstrate the technique by 
taking a general second order partial differential equation in 
two independent variables s and t that holds on a closed recta- 
ngular domain R : 3 x T and has the form, 

... ( 11 ) 

where $ is unknown function of s and t, 'f> , . and 

S S S STi 

o s ij "bi” 

are its partial derivatives, a ,a , a , a , a and c are 




ss 

numerically defined continuous functions of s,t on R and a , 

St *b ^ 

a , a do not vanish on R. 

Because we have five unknowns in (11) , we say this is 
a five condition problem. Conditions may be prescribed at 
various point sets. For a discretization of the problem for 
lattice points (s^,tj^) , 3 = 1(1)M, k = 1(1)N, in R, we cover 
the possibilities rather generally by the following cases: 

(i) On the lines t = t^ considered, we prescribe five independent 
local conditions at points tj^) of the form, 


o .pk , s .pk . ^t .pk ^ „st _^k ^ „tt _pk _ ^ 
^-pk*^ ^pk'^s ®’pk'^t ®'pk st ^pk ®tt " pk ’ 


pk = 1(1)5 , k = 1(1) N > M 


... ( 12 ) 


(ii) On the lines s = s^ considered, we prescribe five indepen- 
dent local conditions at points (s^, t^^) of the form, 

+ a? + a* «« + af + a!* = c. ■, 

3P 3P s jp^t 3p ^ss DP st DP ^ 


DP = 1(1)5 ^ 3 = 1(1)M > N ... (13) 
¥e prescribe five conditions from (12) and (13) , 


The set of lattice points (sj^, tj^) considered must include 
all the points (s*, t’) at which a limited solution is required 
and must include pertinent prescription points t^ ) and/ 

or (s., t . ) . The difference equation (11) applied at lattice 

J J P 

points yields 


o -.s .Jk t Jk . oSS Jk . ^st Jk ^tt Jk 


■•Dk^s 


jk '*'ss ‘ “-jk ^st " ‘^‘Dk ^tt 


.. ( 14 ) 
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along each, line t = k = 1(1) N, for consecutive values 
, ®j+l’ have the following Taylor expansions : 


-jk , , Jk 

+ hj^$g ■» 


h? 

k ss 


- 4>' 


=6° , j= 1(1) N-1 


... (15) 

* 4 4s - = SJk ’ ••• (16) 

A 4t - = Sjk > 3=1(1)H-1 ... (17) 

^2 -k+l,k 

- — - -|- =3p Jk ’ 


j = 1(1) K-1 (18) 


^*3 - V s *'k ® sl 

= > 

j«l(l)N-l 

... (19) 

W - V t * St 

=5fjk . 

0=1(1) N-1 

... (20) 

where - Sj 





Similarly along the lines s = s^, 2 ~ 1(1)M, we will get another 
six equations, involving E , e!j^, e|j^, fJj^, fJjj., anci etc. 

¥e regard these two sets of equations each consisting of six 
equations as being homogeneous but subject to errors, which we 
wish*to minimize. These equations along with (12) and /or (13) 
as pertinent together with (14) , constitute an over-determined 
linear algebraic system whose unknowns are the values of $, $g, 
<E>kt» '*’st ®ss lattice points. 
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We define 


= max ( 


I <5. 




) 


and convert to a system of inequalities involving and the 
solution and derivative values. Our objective is to minimize 
Computation of the linear program for which the forgoing 
linear model is the dual, gives by the duality principle the 
optimal value for and approximate values for <f>, 

-^ss’ '^tt V * 

It would appear that in all the previous methods the 
techniques involved are either complicated or are not suitable 
for computer. In some cases for getting a partial answer the 
whole problem is to be solved. In the next chapter we describe 
integral equation method which is free from these disadvantages. 
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CHAPTER 2 

INTEGRAL EQUATION METHODS OF SOLVING 
TWO-DIMENSIONAL LAPLACE EQUATION 

Apart from the numerical methods discussed in the last 
chapter, there is yet another method of solving Laplace equa- 
tion, involving equations of potential theory. There are three 
variations of this method and are “based upon Green's formula. 
Before entering into details of this method, ve introduce some 
of the related definitions etc. 

Potential of a Single Layer - 

Let |q - Pj denote the distance of a point ? from a 
fixed point Q in the plane. The function V(P) = - o-logjQ-Pl 
represents the potential at P created by placing an electric 
point charge cr at Q , If the charge, instead of being concen- 
trated at a single point is continuously distributed over a 
domain D, with density o-, the potential at the point P(x,y) 
is given by 

V(x,y) = o- ( % ,U) log (jQr^|) d't^dU, 

where ( is the point Q, Similarly, if the charge is distri- 

buted along a smooth curve C, with linear density cr , the 
potential is given by 

/ 0 - ( q) log J q - P ) dq 

c 


V(x,y) 


x: — 


. ( 21 ) 
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Here q is measured along C from a fixed point on it, cr-(q) is 
the charge density at this point f dq the element of the arc 
and |q - Pi is the distance of P from the point q. The function 
Y(x,y) defined as in (21) above is usually known as the single 
layer potential. It is known that V(x,y) satisfies the Laplace 
equation in two-dimension, i.e., 

V ^ V(x,y) = 0. 

Potential of Double Layer - 

Let charges -e and +e be placed at points Q and Q’ 
respectively. Now let Q’ approaches Q along a fixed direction 
n, and let e increase such that 

e. Q Q’ = M (Const.) 

It is well known 34_7 that the potential at a point P is 
given in the limit, by 

¥(P) = ¥(x,y) = M. . log ( J ) 

oUq r 

where r is the distance of P from Q and denotes differen- 

tiation with respect to Q in the direction of n . The configu- 
ration of charges 3^st described is termed as a dipole of 
strength M. Now let the dipoles be distributed continuously 
with density ^ along a curve C, the direction of the dipole 
at each point being normal to C, In this manner we obtain a 
double layer which gives rise to a potential. 
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= I -“(-J) ai 

according to the notations of Fig.2,pp, 3*^ , Here also q has 
the same meaning as in (21) . 

It can he easily shown that the function ¥(x,y) is 
single valued and continuous with all of its derivatives at 
every point (x,y) not on C, and in the sa;iae domain ¥ is harmonic 
i.e., 

V^¥(x,y) = 0 

¥e shall use the symbols Pj , P and P for indicating a point 

•I* tSJ W 

inside, outside and on the contour C respectively. It is 
proved E.’hlJ that if P^ approaches P^, then ¥(x,y) approaches 
a finite limit ^ • Similarly if approaches P^, then 

¥(x,y) approaches a definite finite limit * Between 

these quantities and defined above the following 

relation holds : 

... ( 22 ) 

or equivalently, 


= 2W(x„,y^) 


. . ( 23 ) 



At this stage, It is useful to remark about the behavi- 
our of V(x,y) . It is well known that the limit of 

V(x, 7 ) as pQ ®^^sts i.e,, 


lim V(x,y) = 

The limit of V(x,y) as — J>P- also exists i.e., 

' Q O * 

lim V<x,y) - , 


and 




i.e, Y(x,y) which is harmonic, remains continuous as the point 
P(x,y) crosses the boundary C. If we compare the behaviour of 
V(x,y) with that of W(x,y) , it can be seen that Y(x,y) behaves 
differently from ¥(x,y) , as the point P(x,y) crosses the 
boundary. 


Greenes Function for Two-Dimensional Laplace Equation - 


We consider a domain D of the xy-plane bounded by a 
simple closed curve C, If P(x,y) and Q(x,y) are erery where 
continuous in D and piecewise continuous along C, and if D may 
be subdivided into a finite number of subdomains in each of 
which the first partial derivatives of P and Q are continuous, 
then 

/ ( H - ) dS = f (Pdx + Qdy) . . . (84) 

if we put Z"49_7, 



5 


in (24) 




■we find that 


Q = g 




0 gn . ^ §1 


... (25) 


Interchanging g and g-j_ in (25) and then subtracting the result- 
ing equation from (25) , we find 


/ (gV^gT 
D ^ 


gjy^g)ds = / (g 





Suppose P(x,y) is a point in the interior of C. Draw a circle 
P with centre P and small radius <J(Fig,2, pp.3^) and apply 
(26) to the region bounded by the cur-ves C and P , taking 


% ~ jq - Pj^ 

Since both g and g^ are harmonic, it follows from (25) that 

( f^+ ) ^g(q) ^ log |q _ pj - log - - p- ^ j Iq K 0 

... (27) 

where q is measured in the direction as shown in Fig. % pp.S^, 

It can be proved that 

/ g log P [ dq a 2Tt g(P) + 0(9) 

and that 

log p ^ If dq < - 2teK9 log 9 

where K is the upper bound of |f * Putting these values into (27), 
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we obtain 

g(P) ^ ^ f - P \ • Fn |q - P \ 

as 9 -~-> 0, or 

(gjgOp * 1;^ / g(q) log’ |q-P |dq - Ijj- / g ’( q) log (q - P | dq 

C C 

• • . ( 28 ) 

where as stated before q denotes a current point on C and dq the 
the arc length of the arc at the point q, P denotes any fixed 
point within or without D,|q - P\ denotes the distance between 
q and P and log*lq - P| the outward normal derivative of 
logjq - P|at q. It can be seen from (28) that (g,g’)p consti- 
tutes the potential arising from single and double layer poten- 
tials on C. Consequently, it is also a harmonic function every 
where except on C. It also follows that the value of g at an 
interior points of the region D can be determined in terms of 
the values of g and g’ on the boundary C. Whenever the point 
P lies on the boundary, we shall denote it by the small letter 
p. Now according to Green’s formula (28) 

(g»g’) p == 2 ^29) 

whence by virtue of the jump g/2 in the double layer potential, 
as we cross C inwards at p, it follows that 

(g,g’) j, = + 2 ^^P^ ' ^^P^ ••• 

where i Indicates a point just inside C all p. This argument 



enables ns to identify (g,g’)p as a representation for the 
harmonic function everswhere throughout D, with the exception 
of points on C , By virtue of the drop g/2 in the double layer 
potential as we cross C outwards at p, it follows that 

(g»g’)e = (g)g’)p - 2 ® ••• 

where e indicates a point just outside C at p. Further as 

I ?! — °° 

(g,g')p->- /g'(q)a(l = 0 

s ince , 

/ g'(q)dq = 0 ... (52) 

C 

Accordingly (g,g‘) = 0 everywhere outside C, ¥e sutnmarize here 
all these results. 

(g?g‘)p = $(P) , for a point everjrwhere in D, 

(gjg')j;^ = g(p) ) for a point just inside C, 

CgjgOp = ^ g(p) , for a point on C, 

Cg?g’)g = 0, for a point just outside C, and 

(g?g*)p = 0, for a point everywhere outside C. 

The Method of Integral Equations - 

Harmonic character of g in (28) suggests a new approach 
to the boundary- value problems for Laplace equation. To deter- 
mine a harmonic function having prescribed values g(q) on the 
boundary C(Dirichlet Problem) we calculate g’(q) from the 
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following integral equation 


/ g‘(q)loglq ~ p\6.q r: ^ f g( q)log ’ j q-pl dq - ^ g(p) 

C C 

... (33) 

Then on substituting g(q) and g*(q) in (28) , we finally get 
(g?g’)p} the required harmonic function. The equation (33) 
is a Fredholm equation of first kind with the singular kernel 
logjq - p| . It appears at first sight that this is not a 
Fredholm equation in the usual sense because the kernel 
logi^ “ pjinvolves a discontinuity at q =: p . However, if L is 
the length of the contour, then 


/ / log^ jq - pjdq dp 

c c 


s 


L 1 

// 
0 o 


{log)q - plj^ dq dp 


L L 


< ff 

o o 


(q “ p)^ 


dq dp 





which is a finite quantity and hence this equation is still a 
Fredholm equation ^ 40_/ , Similarly, to determine the harmonic 
function having given g’(q) on the boundary (Neumann Problem) 
we calciJlate g(q) from (33) , which is a Fredholm equation of the 
second kind in this case with the Kernel log’jq - pj. It turns 
out that this equation determine g(q) only upto a constant. 
Afterwards (g,g’)p can be obtained from (28) as in the previous 
case. Thus (28) combined with (33) provide a method for solving 
Dirichlet and Neumann boundary- value problems for Laplace 
equation. 



It may te seen that the preceding formulations of 
Dirichlet and Neumann Problems involve both the single and 
double layer potentials in the process. But these problems 
can also be formulated using explicitely either a single or a 
double layer potential. It has already been stated earlier 
that a single layer potential can be expressed as 


VCP) = - / o-(q) log^q - Pldq ... (34) 
C 

where V(P) is harmonic and continuous throughout the domain D, 
including the boundary C, Hence if we denote the value of ¥(?) 
at a boundary point p by 0(p) , then 


<l>(p) 


/ o-(q)log|q - p\ dq 
C 


. .. (35) 


Thus to find the harmonic function with given b oundary- valuer , 
we solve (35) with known $(p) and the kernel logj q - pi, for 
cr-(q) . This is then substituted in (24) to give the value of 
V(P) at the points P in the domain D. Note that to find V(P) , 
we shall first have to select the point P in the domain D. 

For solving Neumann’s Problem, the boundary equation can be 
obtained after differentiating (35) in the direction of the 
outward normal, 

- ^’(p) = J o-(p) + / o- (q) log|q - p) ’ dq ... (36) 

C 


where logjq - pj‘ denotes outward normal derivative at p and 
hence the integral in (36) does not represent a double layer 
potential. Thus, for solving Neumann’s Problem, where $’(p) is 




prescribed, one has to solve (36) to get cr(q) , which on being 
substituted in (34) , provides V(P) . It turns out that the 
solution of (36) is not unique. This case is not elaborated 
rurther, because we shall be solving only the Dirichlet Problem. 

Now we discuss a method for solving Dirichlet Problem, 
ising double layer potential alone. As defined earlier, the 
iouble layer potential can be expressed as 

¥(P) =“//t^(q) log’lq-Pidq ,., (37) 

C 

where ¥(?) is harmonic and continuous in the domain D except 
on the boundary C, Now, if we take the point P in the interior 
of C and denote the value of ¥(P) by g(p) as the point P moves 
towards a boundary point p, then there is a jump in the poten- 
tial by the amount ^ //(p) , in this case. Therefore 

g(p) = ^ / /^(q)log’ )q - p^ dq + |- /^(p) (38) 

C 

where log’jq - pj is the outward normal derivative of logjq - p| 
at q. Thus, if the value of g(p) is given (Dirichlet Problem) , 
the value of ^:(q) can be obtained from (38) , which is a Fredholm 
equation of second kind. Then after substituting fl{q) obtained 
here, in (37) , ¥(P) the required harmonic function can be obtained 

It is to be noted that the last two formulations involve 
only one integral while the first one involves two integrals. 
However, the first method has the advantage of giving the value 
of g*(q) directly once g(q) is known on the boundary and 



viceversa apart from a constant for g(q) . This has some 
advantage in dealing with some physical problems e.g., in the 
theory of perfectly plastic solids where the interface between 
elastic and plastic region may be found from the continuity 
conditions of g(q) and g’(q). But from the point of view of 
solving Laplace equation nimierically, in a given region under 
given boundary conditions, it appears that the second and third 
methods would involve less labour in comparison to first, 
because only one integral is to be evaluated in these methods 
and two integrals are to be evaluated in the first method. It 
may be pointed out that the first method is extensively used by 
Jaswon and Ponter £ 32_7 and Symm Z”53_7 for solving torsion 
problems in elasticity and other boundary -value problems. 

In this thesis a comparative study of the last two methods 
is made. It is done by solving several problems having boundarie 
of different kinds and then comparing the computed results with 
the analytic ones. It may be observed that when we solve 
Dirichlet Problem by either of the two methods, then we have to 
solve integral equation of either first kind or of second kind. 
Specifically, we have to solve integral equation of first kind 
in the method using single layer potential and of second kind 
in the method based upon double layer potential, to be called 
now onwards as First Method and Second Method respectively. 

The integral equations in both the methods have singular kernels, 
but the®e can be taken care of. 
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To solve a boundary integral equation analytically is 
generally speaking out of question. A straight forward numeri- 
cal approach is to replace the equation by a system of simulta- 
neous linear equations referring to a set of nodal points 
spaced along the boundary C of the relevant domain D f these 
equations are then solved for the unknovm function. We give 
below the relevant steps. 

First Method - 


The first step in this method consists in replacing the 
integral by the sum of a finite number of terms, using any one 
of the quadrature formulae e,g,, Simpson’s rule, Trapezoidal 
rule or for more accuracy by Gaussian quadrature formulae. 
Thus, if the boundary is smooth and differentiable eversrwhere 
e,g,, circle etc,, then one can use Gauss-legendre quadrature 
formula to replace the integral into a sum of finite number of 
terms. In Gauss legendre’s formula the limits of the integral 
are required to be from -1 to -fl. If the limits are from o to 
L, as in our case, where the length of the contour C is L, we 
observe from (35) , 


«>(p) 


S MB 


/ o-(q) logiq - PI dq 

o 


.. (39) 


S4-1 t 

— L - p 


§ cr( ^L)log 

j N S.+l 

^ S Wj. cr( L)log 

^ ;5=:1 ^ 


dS ^ putting 
— S+lj 

q - 2 1 

S.+l 

“g — L - p|+ E, 



where w^ and Eq are the weights, abscissae and error respe- 
ctively of the Gauss-legendre quadrature formula. These values 

of w^ and are known in the literature C 52_/ . Putting 
S.+l 

t^ = L and neglecting error, we find 


4>(p) 



a-(tj) 


log 



PI. 


Wow p is a fixed point on the boundary. ¥e take the fixed 
point p as t^^, i = 1,2,...,N successively and obtain 


<I>(tj^) 


L 

2 


N 

d=l 




o-(t^)log It^ - t^l 


... (40) 


which represents a set of N linear simultaneous equations in W 
unknowns. Since the right hand side of (40) contains loglt^-t^^l 
which is undefined when i = j ^ an approximation for this 
factor is needed. It may be done in general by approximating 
the are length adjoining t^^ by a straight line of length 6, 
and then taking the average value of loglt^ - t^\ as follows. 

The average value of loglt^ - t^lwhen j = i is, 

J / log S dS = log e - 1 ... (41) 

where G is the length of one side of the interval from t^. 

Thus if the interval surrounding the point P is denoted by 
AB (Fig. 4, pp,40) then we find the average value of 
logjt. - t^1 for the Interval AP and PB separately and then 
take the average of these two values. In this case 8 is the 



length of AP or PB. It is natural that this approximation will 
be the correct value when the boundary consists of straight 
lines only e.g., rectangle, triangle etc., but in other cases ; 
this approximation may be improved by taking the arc adjoining 
the point t^ as an arc of a circle (Fig .5, pp,40) . The 
radius R of this circle is the radius of curvature at , Let 
the arc subtend an angle a at the centre of curvature, then the 
average value of log It^ - t will be Ig /6, where 0 is the 
length of the approximating arc and 

t 

Ig = / log It^ - t^l dt^ , 

^i 

® A 

= R / log (2R sin I ) de * . 

o ^ 

“ A fiS .5 

~ ^ O ^ 2 ” 48 3840 ” * * ^ ’ 

p3 p5 p7 

= G(log G-l)-( p + 2 

TPR'^ 14400R^ 1270080 R 

... (42) 

It may be seen here that if the curvature at the point is 
very large, then the terms in the second bracket shall make 
substantial contribution. Otherwise correction may be obtained 
by one or two terms in the second bracket of (42) , 

It can be proved that the coefficient matrix in (40) is 
non singular and consequently its solution exists i.e., we can 
find or-(tj) ; j=l,2,...,N. Then as a second step, we approxi- 



mate the integral in (34) , using the same quadrature formula, 
thus 


V(P) 


L 

/ o-(q) log 1 q - P 1 dq 


o 


L 

2 


L 

2 


+1 q ! 

/ o-( L ) log 

-1 

N 

S w. o-(t.,) loglt^ ~ 


S-i-l x 
2 ^ 

p j 


P 


dS 


. .. (43) 


It may he observed that the logarithmic factor in this equation 
does not need any approximation, since the point P is inside 
the contour. Substituting the value of cr(t^) obtained from 
(40) and the values of w. and t. from tables 52_J^ into (43) , 

J J 

we can compute the required value of ?(P) by a quadrature 
formula. 


At this stage it is useful to remark that the process 
in (39) can be further simplified by dividing the contour 
length into K equal intervals and taking the middle point of 
each interval as its nodal point. It is assumed that a- is 
constant on each of the interval. Consequently, equation (39) 
takes the form 


4'(p) 


N 

- 2 o~(q.) 

0=1 ^ 


2 

J log 1 q - Pl dq 


... (44) 


where q 
fig.3, 


. is the nodal point of the interval I^ 
3 - 3 


— ^ o ) 


0 2 2 

pp.39 , Efow if h is the length of each interval, then 



the integrals on the right hand side of the above equation 
can be easily evaluated, Replacing p by q^, i = 1,2,,.,N , 
we get a set of N linear simultaneous equations for N 
unkno^ms o-(q.) . The values of 0"(q.) are substituted in (39) 

cJ 

after expressing it into the form (44) with p replaced by P 
on its right hand side. This sum on the right hand side is 
the harmonic function ?(P) , 

Second Method - 


In this method, the Fredholm equation of second kind is 
involved. But the techniques used in the First Method can be 
extended. The kernel in this case is different from that in 
the first ease where it is loglq - pU We again divide the 
contour Into N equal parts. We suppose that fi(q) is constant 
in each interval. Regarding logMq - Pi 5 we might suppose 
that it is also constant in each interval, in which case it is 
evaluated as follows. 


log'iq - Pi *= ^ loglq - Pi 

q 

(x-Xj^) cos § + (y-y^) sin p 
(x-x^) (y-y^) ^ 


... (45) 


where (x,y) and (xj^jy^) are coordinates of the points q and p 
respectively and p is the angle of inclination of the outward 
normal to q to the x-axis (Fig .7 ,pp .50 ) . If however log’iq-Pi 
is supposed to be variable, we can get a rather more accurate 
value , In this case the well known Cauchy Riemann equations 
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are used which state that loglq - pi = , where 6 is the 

angle which the radius vector iq ~ pimakes with any line fixed 

in the plane, whence for the interval ( ’^ 3 + 1 / 2 ^ ’ 

r 9 -1 

J logiq - PI dq may he computed as the change in 0 as the 
■^q 

point q moves from one end of the interval to the other. 


After dividing the contour length into N intervals and 
assuming ^ to he constant in each of these intervals we have 
from equation (38) 


N ^ 3 + 1/2 

gCp) = ^ Mqi) / 

3 “1 


y ^ log'lq-Pl dq + g ^(p) 


L. 

2k 


N 




where Qj.jyg S'^d 9j^2,/2 inclinations of the radii 

vectors joining p and q^.jyg P ^3+1/2 ^®spectively with 

respect to any fixed line in the plane. Here as explained 

earlier q^ is the middle point of the interval with end points 
qj-jyg and . Ihns if we write Sj = ®3-l/2 

1 ^ ] 

' ST ^J®3 * 8 • 

Replacing p hy q^ , i « 1,2 , , in the above equation 

1 ^ 1 

= 2 % -“3®j 2 ^i 


or 


2 k g(qj_) = ^ + (ti + ej_) 

3 ^ 5 ^ i 


... ( 47 ) 
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Since in the Dirichlet Prohlem g(qj|_) is already given (47) 
represents a system of M linear simiiLtaneous equations with 
the following coefficient matrix. 


% 


(ti + 9^) 

®1 

e-, 


0- 


0. 


e. 


'2 ''3 

(it + ©o) 0^; 

0^ 


(it + Gg) 


N 






Xit + 0j^) 


It is obvious from the de.finition that 


W 

S 0. » It 

3=1 ^ 


Now we shall prove that the rank of the matrix Djj is N, 
Consider, the linear sum 


+ 0^X2+ Cg Xg + + Cjf Xjj » 0 

where each X^^ denotes a row vector of the matrix i.e,, 


and C^, 

1 


^i “ ^ ®li ®2’ ®i-l’ ®i^ ’ ®i+l’*** 

i s: 1,2,.. ..,1 

Cg , . . , ,C|^ are arbitrary constants . Thus 

S ®1 C2(it+eg) + . ..CjjBg 

^I^N"*" * * * *"*" ~ ^ 


0 


1 


) 


9 • • 


(48) 
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which implies that 

C^^Ti + ^^l"^ ^2*^ •»••••■*■ ®2. ~ ^ 

Cgii + (Cj^4- Cg+ + Cjj) 0g 3= 0 

... (49) 


CjjTc + (0^+ Cg+ + C|^) ~ 0 


Adding all of them, we find 

Tc(C^+ Cg+ . . ,+Cjj) + (C^+ Cg+ . . 

N 

or 27t S Cj » 0 , from (48) 

3=1 ^ 


N 

.+ Cj E 0, = 0 
^ 3=1 ^ 


N 

or S C. s 0 

3=1 5 


Hence it follows from (49) that ~ ^2 ~ ••••= *= 0 conse- 

quently, the matrix Dj^ is non-singular and the solution of (47) 
exists. Having obtained, the values of /U(q^) we proceed to 
find W(P) at any point P inside the domain D, From (37) , we 


see that 


'^3+1/2 

/ log'lq - P) dq 
^ 3 - 1/2 





0* 


3-1/2^ 


... <50) 


where ej_3^/g and Gj^^/g 
vectors 3oining P and q 


are the inclinations of the radii 
3-1/2 ^ ^3+1/2 respect to 
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any fixed line in the plane. Putting 6J *= ^ 1 - 1/2 

/^(qj) = My 

«p) = fe ® j • ■ • 

substituting the values of obtained from (47) in the above 

J 

equation, ¥e obtain finally ¥(P) . It may be seen that since 
the point P is inside the contour so 

N 

S 6' = gTt ... (52) 

j=l ^ 

Equations (48) and (52) may be used as checks for the values 
of 0^ and ej respectively. 



FIG. 2 - Pi,Pe AND Po DENOTE THE POINT P INSIDE 
OUTSIDE AND ON THE CONTOUR C.” 



FIG. 3 - DOT INDICATING THE NODAL POINT AND DASHES 
THE END POINTS OF THE INTERVAL 
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IG, 4 - APPQ^yiMATinN_ nF_THE ARCS ADJOINING T ±LE_ 
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G EACH. 



I G • 5 - APPR ox 1 M A TJO N _0 F T H E ARCS ADJOINING THE 

NODAL POINT Ti BY THE A RCS OF THE CIRCLE 
o£" R A D I U S ’ 'r 0 F E Q U A L^ L ENGTH . 
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CHAPTER 3 

DIRICHLET PROBLEM FOR A CIRCULAR DISC 
BY FIRST METHOD 


As a first step the ideas have teen checked with 
reference to a circular boundary. This has the advantage of 
constant curvature. As mentioned earlier, for a given <J>{p) 
we have first to solve 


<^(p) = “ / o-(q) log|q - pjdq , ... (53) 

C 

for cr-(q) , For this the integral is replaced by the sum of a 
finite number of terms. This was done by approximating the 
integral by three well known quadrature formulae, namely Gauss- 
Legendre quadrature formula, Lobatto quadrature formula and 
trapezoidal rule. ¥e give some details of each of these methods 


very briefly. 


Let the integral to be evaluated be /w(x)f(x)dx. We 

a 

assume that f(x) G C^^[a,b]j and w(x) > 0, The latter is called 
the weight function and is defined on[a,bJ. It is well known 
that corresponding to w(x) and interval [a,b] , a set of ortho- 
gonal polynomials ^Pj^(x) j can be defined £ 28^ ^ If the zeros 

of Pj|(x) be x^, i=l ,2 , . . . ,11 , then a < x^^ < Xg < Xj^ < b 

and that the positive constants Wj_, i=l,2,,.,,N can be found 
such that Z” 28_7 


b N 2N,. 

/ w(x)f(x)dx = Z WT^f(xO+ ^ 

a k=l ^ ^ (2N) 1 


a < X < b 


... (54) 
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CHAPTER 3 

DIRICHLET PROBLEM FOR A CIRCULAR DISC 
BY FIRST METHOD 


As a first step the ideas have heen checked with 
reference to a circular boundary. This has the advantage of 
constant curvature. As mentioned earlier, for a given $(p) 
we have first to solve 


<l(p) = - / o-(q) log|q “ p)dq , (53) 

C 

for cr-(q) . For this the integral is replaced by the sum of a 
finite number of terms. This was done by approximating the 
integral by three well known quadrature formulae, namely Gauss- 
Legendre quadrature formula, Lobatto quadrature formula and 
trapezoidal rule. ¥e give some details of each of these methods 
very briefly. 

b 

Let the integral to be evaluated be /w(x)f(x)dx. We 

a 

assume that f(x) G C^^[a,b] and w(x) > 0. The latter is called 
the weight function and is defined on[a,bJ. It is well known 
that corresponding to w(x) and interval [a,b ] , a set of ortho- 
gonal polynomials |pjj(x) j can be defined ZT 28_7, If the zeros 

of pjj(x) be i=l,2,..,,N, then a < < Xg < Xj^ < b 

and that the positive constants w^, i=l,2,,.,,N can be found 
such that ZT 28_7 


b N 

/ w(x) f(x)dx = E 
a k=l 


(SH) ‘ 4 


5 a < X < b 


• • • 


(54) 
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It can be easily proved Z" 28_7 that 

N 

S Wv = b - a ... (55) 

k=:l ^ 

In case w(x) eI? a = “l, b=+l j the formula obtained is 
knom as Gauss-Legendre quadrature formula. It is an open 
type quadrature formuJLa and has degree of precision (2r-l) , 

It may be mentioned that if a quadrature formula yields exact 
results X'fhen f(x) is an arbitrary polynomial of degree r or 
less, but fails to give exact result for at least one polyno- 
mial of degree (r+1) , it is said to possess a degree of precision 
equal to r. 


In Lobatto quadrature formula 

/ f(x)dx* Assume that f(x) G 

-1 

quadrature formula states : 


, we evaluate the integral 
[-l,+l3. The Lobatto 


1 

/ fix) dx s= 

“1 


2 

N(M-l) 


[f(l)+f(-l)j 


N-1 

+ S W. f(x.) +'S-r 
5=2 ^ ^ 




(56) 


where x^ is the (5-1) th zero of , where Pjj(x) is the 

Legendre polynomial of order N and 

®L - ^ , »■ ■■ li,.„ Ldrgl i,. ! . ! , -i < x < 1 

^ ^ (2N-1) . 1(2N-E) :} ® 


Therefore the degree of precision is (2r-3) , This formula is 
of the closed type and is sometimes helpful especially when 
f(x) displays a peculiar behaviour at x = + 1, such as an 
apparent singularity etc. or when f(+l) =0, In the latter 



case, the degree of precision is (2r+l) , whereas in Gauss 
formula, the use of r ordinates will still lead to a degree of 
precision (2r-l) . 

As a last integration formula, we have taken the well 
kno\Nm trapezoidal rule. Under certain conditions, the trapezo- 
idal rule gives surprisingly good results H 19_/ when it is 
applied to periodic functions- much better in fact than what 
might have been predicted from error estimate. Denoting by 
the K-point trapezoidal rule, which states j 

/ f(x)dx = ^ {f (a) +2f (a+h) + 2f (a+(N-l) h) +f (b) } + 


where h = and E^ is the error in the H-point trapezoidal 

rule. In case f(xi) G C ^ periodic 

function, then 



b 

/ f (x) dx - fijCf) 


K 




j 


where K is a constant, independent of W. Under these conditions 
noting that for periodicity f(a) = f(b) , the trapezoidal rule 
takes the form 

N 

= h E f(a + (k-l)h) 
k=l 

consequently, if p = b-a then 


/ f (x) dx = /f (x) dx = I S f ( ^ p) ... (57) 

a o k=l 

There are many other quadrature formulae available in the litera- 



ture e.g., Simpson’s rule, the formulae based upon finite 
differences etc, ¥e have chosen Gauss-Legendre and Lobatto 
quadrature formulae because of their higher accuracy and 
trapezoidal rule because of its simplicity. The latter has 
given exceptionally good results at least for the cases that 
we have discussed. 

In this chapter we have taken the case of a circular 
disc of radius ^ , just to avoid the repetition of the factor 
It . Two cases are considered. In one case the value of the 
function on the boundary is given by #(p) = x and in the other 
by $(p) = X - y . These functions have been chosen because of 
their simplicity and also because one is an odd function and 
another is even. The centre of the disc is the origin of the 
coordinate system, thus the equation of its boundary which is a 
circle IS X + y = l/it . 

For using Gauss-Legendre quadrature formula in (53) , 

we put 

q * s + 1, dq = ds ... (58) 

thus 

1 

$(p) = - / cr-(s+l) log ) s+1 - P I ds (59) 

Replacing p by and substituting for <l»(p) = x, as a first 

case in the above equation, we get 

1 

= - / o~(s+l) log 1 s+l-p^l ds 


• « • 


(60) 
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where is the point (x^^, on the houndary of the disc. 
Replacing the integral in (60) , using (54) , we get 

N 

X. t= ~ S W. cr(s.+l) log \s.+l- P^ j ... (61) 

^ A —I 3 3 J 


where w^ and s^ are the weights and abscissas respectively of 

O J 

the Gauss- formula, available in table s 52_7 . The nodal points 
on the boundary ■were taken as the fixed points i.e., 


Pi ~ Sjj^+1 , i ~ 1,2,....., N 


As stated in the previous chapter the coefficient matrix 
of the system of linear simultaneous equations in (61) is non- 
singular. Grout’s method was used to solve it. Values of cr’s 
for N = 8,16,24 and 32 are shown in Table Nos. 1-4, pps. 51-55 
and compared with its analytic values, which are obtained as 
follows. 

Let the potential function on opposite sides of a 
curve C(fig.6,pp . 50 ) be denoted by $ 2 ? ^2 ^ normal by n 
and if o- is continuous on C, which itself has continuous 
curvature, then on the curve z:49j^ 


and 


% = *8 



271 o- (p) 


O • • 


(62) 


For the harmonic function <l>(p) 
circle of radius a, = r cos 


e 


X = r cos 0 , in case of the 
a^cos 0 

, = 


r 


define the 
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potential functions on opposite sides of the arc of the circle , 
Since the normal coincides with the rs-dius vector, therefore 
from (62) , for any point (a, 6) on the boundary 

27c <r-(a,6) = ^ ^ ) = 2eos 9 

J ( a , G) 

In the present case, where a = l/n 

cr-(q) = ... (63) 

9 o 

Similarly, when <l>(p) = x - y , it can be proved that in case 
of the circle of radius 


cr (q) := ^ cos 29 ... (64) 

u 

Having found cr(q) , we proceed to find the value of ¥(P) 
inside the region. ¥e replace p by P and <3^(p) by Y(P) in (59) . 
Thus 

1 

V(P) = ~ / o-(s+l) log I S'+l-P \ ds 

-1 





cr (s^+l)log| s^-+l-P 1 


H 1/2 

= - 2 w^. cr(s^4-l)log [ )^+(y^-t})^} 

3 *1 

... (65) 

where P is the point ( '^ ,^) and (x^,y^) are the coordinates of 
the point on the curve corresponding to the arc length s^+1. 
Substituting in (65) the values of cr’s, obtained from (61) and 
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from tables Z" 52_7 5 we finally get V(P) . 

The value of V(P) was evaluated at eight points (fig .7, 
pp, 50 ) , one in each quadrant and two points one on each 
axis, one on the positive side and other on the negative, inside 
the circle. These values appear in Table Nos, 5~8, pps. 54,55 
along with the corresponding analytic values for values of N 
mentioned earlier. With this method the maximum error at 
these points for N = 32 in this case i.e,, when $(p) = x is 
1.63*/ . 

For Lobatto quadrature formula only weights and abscissas, 
as given in tables £ 52_7 are to be changed in equations (61) 
and (65) , Computed and analytic values of or-*s in this ease 
appear in Table Nos, 1-4, pps, 51-53 and those of 7(P) in 
Table Nos, 5-8, pps. 54, 55 , The maximum error in T(P) for 
N s 32, at any grid point is 1.68*/ , 

Finally the trapezoidal rule can be applied more easily 
as follows. Applying (57) in (53) after writing it as 

2 

#(p) s= - / o-(q)loglq-pldq , ... (66) 

o 

we obtain 

«>(Pi) = - I ^^^)log j ... (67) 

where p is replaced by p^ in (66) , ¥e take a fixed point on the 
contour as the starting point from where the length is measured 


and then take 
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Since we are considering the case where <I>(p) = x, so 




N 

S 

k=l 


log 




. .. ( 68 ) 


where (x^^, y^) are the coordinates of the point on the contour 
corresponding to the arc length 2(i-l)/N and = cr-( ^ 

The coefficient matrix of the system of linear equations in (68) 
can be proved to be non-singular one. Grout's method was used 
to solve this system and the values of cr 's along with its 
analytical values are given in Table Hos. 1-4, pps . 5i-S5, 
Lastly 

2 

V(P) = - / o-(q)loglq-p 1 dq 
o 

“• N ^ ; i-og jj - r 

N 

= - H *'yk- ”) ] 

... (69) 

where ( % ^h) are the coordinates of the point P inside the 
circle. Substituting the values of o-’s, obtained from (68) , 
7(F) was computed at the same eight points for H= 8,16,24 and 
32, These values along with the error appear in Table Nos .5-8, 
pps. 55 and the maximum error for N = 32 at any of the 

points mentioned earlier is 2.40 , 

Similar calculations were done for the other case when 
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2 2 

<f>(p) a= X - y . Yalues of cr*s olDtained using the three 
different quadrature formulae are given in Table Nos. 9-12, 
pps, 5G-S& . Analytic values of o-’s in this case were 
calculated from (64) . Computed as well as analytic values of 
Y(P) at all those eight points for values of N, mentioned 
earlier are shoTO in Table Nos. 13-16, pps. 5" 9, 60 , The 

maximum error for N = 32 at any of these points by Gauss- 
Legendre quadrature formula is 2.44 % , by Lobatto quadrature 
formula 2.65 % and by trapezoidal rule 6.47 % . Looking into 
the percentages of error in both problems, using different 
quadrature formulae it is seen that Gauss-Legendre formula is 
more effective. Entire computational work was done on the 
computer IBf^/7044, at I.I.T., Kanpur and a single program, 
each for Gauss-Legendre quadrature formula and trapezoidal rule 
when <f>(p) = X is given in Appendix I. 




FIG. 6-4?^ AND 4 >^ DENOTE THE POTENTIAL FUNCT IONS 
> D E and outs ide THE CURVE C RESPECTIV ELY 
AND n THE DIRECTION OF THE NO RMAL ^ P. 

Y 



F ! G . 7 - P_Cx, ,Y,) and qCx,Y) DENOTE THE FIXED AND VARIABLE 
POINTS RESPECTIVELY ON TH E BOUNDARY AND DOTS 
INDICATE THE POINTS WHER E THE SOLUTION OF 
LAPLAC E EQUATION IS FOUND . 



DIRIGHLET PROBLEM FOR CIRCULAR DISC 
Yaluos of e- 


Table No. 1 


Cl)(p) = X 




N 

= 8 

Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

Analytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 

-.3168361 

-.3172925 

-.3183098 

^*2948808 

,3183098 . 

.3873572 

-^2555446 

-.2652234 

-.2928171 

-.3342700 

. 2260790 

.2492208 

-.0255051 

-.0250469 

-.0904371 

-.0915775 

,0000000 

,0275257 

.2669019 

,2655955 

.2519430 

. 2596 656 

-.2250791 

-.2242944 

-.3158361 

-.3172925 

-.3183098 

-.2948808 

-.3183098 

-.3873572 

-.2555446 

-.2552234 

-. 2928171 

-.3342699 

-.2250789 

-.2492208 

-.0255051 

-.0250469 

-. 0904371 

-.0915773 

,0000001 

-.0275257 

.2669019 

.2655955 

.2519430 

.2596658 

.2250791 

.2242944 



Table No. 

_2 



(p(p) = X 




N 

= 16 

-.3181334 

-.3156328 

-,3183098 

-.2972439 

,3183098 

.3871220 

-.3134966 

-.3164736 

-.3168562 

-.3422572 

.2940799 

.2666482 

-.2903678 

-.2962494 

—.3024826 

-.3090697 

,2250790 

,2351867 

-.2288679 

-.2349149 

-.2527400 

-.2596090 

.1218118 

.1415500 

-.1152004 

-.1191500 

-, 1466339 

-.1515533 

.0000000 

.0133837 

.0497780 

.0419098 

,0139361 

.0132575 

-.1218119 

- .1246496 

16601 

.2062528 

.1872349 

.1915474 

-.2250791 

-.2433156 

•3042346 

.3118770 

.3023181 

.3102732 

-.2940799 

-.2208678 

-.3181334 

-.3156328 

-.3183098 

-.2972439 

-.3183098 

-.3871220 

-.3134966 

-.3164736 

-.3168662 

-,.3422572 

-.2940799 

-.2666482 

-.2903678 

-.2962494 

-.3023:826 

-.3090696 

-.2250789 

-.2351867 

-.2288679 

-.2349149 

-.2527400 

-.2596088 

-.1218117 

-.1415500 

-. 1152004 

-.1191600 

-.1466339 

-.1616531 

.0000001 

-.0133837 

.0497780 

.0419098 

.0139361 

*0132379 

,1218120 

,1246497 

.2016601 

. 2062528 

.1872349 

*1916496 

.2250791 

.2433166 

,3042346 

.3118770 

.3023181 

.3102775 

.2940800 

.2208678 

rmVTrn-n 


'.i. r. KANP?!S ! 


W = S4 
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Table No. 3 


cpCp) = X 


Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

Analytic 

Computed 

Analytic 

computed 

Analytic 

Computed 

values 

values 

values 

values 

values 

values 


-.3182734 
-.3173072 
-« 3123438 
2982584 
-.2687590 
-.2179886 
-.1428086 
-.0452676 
,0657301 
.1747236 
.2626374 
.3118861 
-.3182734 
-.3173072 
-.3123438 
-.2982584 
-.2687590 
-.2179886 
-.1428086 
-.0452676 
.0657301 
.1747236 
.2626374 
,3118861 


-.3117388 
-.3163299 
-.3146339 
-.3019636 
-.2730539 
-. 222L708 
-.1461405 
-.0470313 
,0660694 
.1773278 
.2671695 
.3175299 
-.3117391 
-.3163299 
-.3146339 
-.3019636 
-.2730539 
-.2221708 
-.1461405 
-.0470313 
• 0660694 
.1773278 
.2671695 
.3175299 


-.3183098 
-.3180333 
-.3152388 
-.3050229 
-.2805893 
-.2348728 
-.1630991 
-.0658524 
.0484940 
.1635387 
.2579164 
•3113183 
-.3183098 
-.3180333 
— • 3152388 
-.3050229 
-.2805893 
-.2348728 
-.1630991 
-.0658524 
.0484940 
.1635387 
.2579164 
.3113183 


-.3117960 
-.3178739 
-.3178495 
-.3089800 
-.2852442 
-.2395781 
-.1671394 
-.0685054 
.0476715 
.1643925 
.2590863 
.3094737 
-.3117957 
-.3172016 
-.3180130 
-.3093356 
-.2858895 
-.2406841 
-.1690604 
-.0622545 
. 0498286 
. 1660035 
.2525194 
.3171688 


.3183098 
.3074637 
.2756644 
. 2250790 
•1581548 
.0823846 
.0000000 
-.0823847 
-.1581548 
-.2250791 
2756644 
-.3074637 
-.3183098 
-.3074636 
-.2756643 
-.2250789 
-.1581548 
-.0823845 
.0000001 
.0823848 
.1581550 
.2250791 
.2756645 
.3074637 


.3762951 
.3613849 
.2662459 
. 2316820 
.1719662 
.0954383 
.0092491 
-, 0796726 
16470 2 (> 
-.2409745 
-.2977637 
-•3465382 
-.3762950 
-.3613849 
-.2662459 
—•2316820 
-.1719662 
-.0954383 
-.0092491 
.0796726 
.1647020 
.2409745 
.2977637 
.3465382 


COWTD, 


Table i^o. 4 


4)(p) = X N = 32 


Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

Analytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 


.3098558 -.3183098 


-.3189980 

-.3179847 

-.3163614 

-.3116772 

-.3016736 

-.2833285 

-.2542372 

-.2121339 

-.1560076 

-.0866099 

-.0068994 

.0778508 

.1604217 

.2325251 

.2860829 

.3146512 

-.3182980 

-.3179847 

-.3163614 

-.3116772 

-.3015736 

-.2833285 

-.2542373 

-.2121339 

-.1560076 

-.0866099 

-.0068994 

.0778508 

.1604217 

.2325251 

.2860829 

.3146512 


-.3150675 

-.3167049 

-.3134916 

-.3042255 

-.2864544 

-.2575366 

-.2153007 

-.1687169 

-.0885360 

-.0077560 

.0782605 

.1621567 

.2354748 

,2899635 

.3190372 

-.3098560 

-.3150677 

-.3167049 

-.3134916 

-.3042255 

-.2864545 

-.2575366 

-.2153007 

-.1587169 

-.0885360 

-.0077561 

.0782605 

.1621567 

.2354747 

,2899634 

.3190372 


-.3182240 
-.3173516 
— . 3141180 
-.3061819 
-.2906626 
-.2645230 
-.2251247 
-.1709217 
-.1021904 
-.0216157 
.0654814 
.1514598 
.2272948 
,2840242 
.3144120 
-.3183098 
-.3182240 
-.3173516 
-.3141180 
-.3061819 
-.2906626 
-.2645230 
-.2151247 
-.1709217 
-.1021904 
-.0216157 
.0654814 
.1514598 
*2272948 
.2840242 
,3144120 


-.3055747 
-.3143002 
-.3176851 
-.3157844 
-.3087486 
-.2938002 
-. 2679246 
-.2284706 
-.1738647 
-.1043725 
-.0227109 
.0657090 
,1530985 
,230^40 
.2879868 
.3189278 
-.3055743 
-.3147006 
-.3176851 
-.3157844 
-.3087486 
-.2938002 
-.2679246 
-.2284707 
-.1738647 
-.1043725 
-.0227109 
.0657089 
.1530986 
,2302440 
.2879868 
.3189278 


,3183098 
.3121936 
,2940799 
.2646649 
,2250790 
,1768434 
.1218118 
.0620991 
,0000000 
-.0620992 
-.1218119 
-.1768435 
-.2250791 
-.2646650 
-.2940798 
-.3121936 
-.3183098 
-.3121935 
-*.2940799 
-.2646648 
-.2250789 
-.1768433 
-.1218117 
-.0620990 
,0000001 
,0620993 
.1218120 
.1768436 
.2250791 
. 2646650 
. 2940800 
.3121936 


,3303176 
,3363321 
,2739200 
.2612319 
.2301800 
.1860285 
.1321951 
. 0716084 
.0070947 
-.0585516 
-.1226219 
-.1826220 
-.2364192 
-.2836565 
-.3167071 
-.3609205 
-.3303176 
-.3363321 
2739200 
-.2612319 
2301800 
-.1860285 
-.1321951 
-.0716084 
-.0070947 
.0585516 
.1226219 
.1826220 
.2364192 
,2836555 
.3167071 
.3309205 
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DIRICFLET PROBLEM FOR CIRCDIAii DISC 
Values of o- 


(l)(p) = 


Table No, 

. 9 


= 8 

Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

Analytic 

values 

Confuted 

values 

Analytic 

values 

Computed 

Values 

Analytic 

values 

Confuted 

values 

.1963674 

.2066433 

, 2026423 

,2037432 

,2026423 

,2451399 

.0585700 

.0528288 

,1403 251 

.1412113 

.0000000 

.0296941 

-.3000402 

-.2006931 

-.1699268 

.1623194 

-.2026423 

-.2328901 

»0S23042 

.0828662 

.0512588 

.0521325 

.0000001 

.0389090 

.1363674 

. 2066433 

.2026423 

.2037433 

.2026423 

.2451399 

.0585700 

,0528288 

.1403251 

,1412112 

-.0000001 

.0291940 

-.2000402 

2006931 

-,1699268 

-.1623194 

-.2026423 

-.2328901 

.0823042 

,0828662 

,0512588 

.0521326 

.0000002 

.0389091 



Table No 

. ID 



Cl)(p) = x^- 




N 

= 16 

.2021931 

,1980524 

,2026423 

.2089591 

.2026423 

.2809343 

.1904783 

.1958929 

,1989491 

.2018768 

.1432897 

,1348220 

.1346116 

.1399937 

.1633407 

.1603467 

,0000000 

.0183769 

,0068799 

.0077573 

,0528678 

,0556040 

-.1432897 

-.1355681 

-.1495577 

-.1449214 

-.1166362 

-.1109961 

-. 2026423 

-.2176495 

1927309 

-.2026100 

-.2018654 

-.2091632 

-.1432897 

-.1638121 

-.0399751 

-.0409803 

-.0624147 

-.0640259 

,0000001 

-.0026393 

,1675925 

.1638732 

,1629428 

,1690138 

.1432898 

,1302893 

« 2021931 

.1980523 

.2026423 

.2063480 

,2026423 

.2809343 

.1904783 

.1958929 

' ,1989491 

,2018768 

, 1432896 

.1348220 

.1346116 

.1399937 

.1633407 

.1603467 

-.0000001 

.0183769 

,0068799 

.0077573 

.0528678 

.0556040 

-.1432899 

-.1355681 

-.1495577 

-.1449214 

-.1166362 

-.1109961 

-.2026423 

-.2176495 

-.1927309 

-.2026100 

-.2018654 

-.2091632 

-.1432895 

-.1638121 

-.0399751 

-.0409803 

-.0624147 

-.0640259 

,0000 002 

-. 002639*5 

. 1675925 

,1638732 

,1629428 

,1690138 

,1432899 

,130^5393 


CONTD, . . 



Table No. 11 


OCp") = x^- N = 24 


Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

A.nalytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 

A.nalytic 

values 

Computed 

values 


.2025496 
.2000931 
.1875923 
.1531901 
.0862833 
-,0125661 
-.1210651 
-.1944457 
-.1853605 
—.0805289 
.0732714 
.1864496 
.2025491 
,2000931 
, 1875923 
.1531901 
.0862833 
-. 010^661 

-.1210651 

-.1944457 

-.1853605 

-.0805289 

.0732714 

.1864495 


.1942569 
.2018092 
.1913550 
.1573801 
.0894819 
-.0118525 
-.1237294 
-.1998378 
-.1909805 
-.0831163 
.0755708 
.1924542 
.1942569 
.2018092 
.1913 550 
.1573801 
.0894819 
-.01185‘>5 
-.1237294 
-.1998378 
-.1909805 
-.0831162 
,0755708 
.1924542 


.2026423 
. 2019384 
.1948598 
.1695136 
.1122792 
.0180187 
-.0962370 
-.1852961 
-. 1932356 
-.0956626 
.0634412 
.1850341 
.2026423 
. 2019384 
.1948598 
.1695136 
.1122792 
.0180187 
-.0962370 
-.1852961 
-.1932356 
-.0956626 
.0634412 
.1850341 


.1981475 
. 2093944 
.1988846 
.1640699 
.1161606 
.0196171 
-.0981734 
-.1904776 
-.1991994 
-.0987727 
.0654971 
.1911548 
.1980573 
. 2093944 
.1988846 
.1640699 
.1161606 
.0196171 
-.0981734 
-.1904776 
-.1991994 
-.0987727 
,0654971 
, 1911548 


.2026423 

.1754933 

.1013211 

,0000000 

-.1013212 

-.1754934 

-.2026423 

-.1754933 

-.1013210 

.0000001 

.1013212 

,1750934 

.2026423 

.1754933 

.1013210 

-.0000001 

-.1013213 

-.1754934 

-.2026423 

-.1754932 

-.1013209 

.0000002 

.1013213 

.1754935 


,2126745 
.1696109 
,1045782 
.0033570 
-.0909125 
-.1749624 
-.2121803 
-.1896943 
-.1120438 
.0007952 
.1142213 
.1700771 
.2126745 
.1696109 
. 1045782 
.0033 570 
-, 09e)3125 
-.1749624 
-.2121803 
-.1796943 
-.1120438 
.0007952 
.1142213 
.1700771 


CONTD 




Table tJo. 12 


(J)(p) = M = 32 


Gauss Legendre formula 

Lobatto 

formula 

Trapezoidal rule 

Analytic 

values 

Computed 

values 

A.nalytic 

values 

Computed 

values 

A.nalytic 

values 

Coii53uted 

values 


.2026123 


. 2018147 
.1976958 
.1859285 
.1611444 
.1184580 
.0559041 
-.0226390 
-.1052887 
-.1726372 
-.2024519 
-.1783993 
-.0997018 
.0136294 
. 1247314 
.1933792 
.2026123 
. 2018147 
.1976958 
. 1859284 
.1611444 
.1184580 
.0559041 
-.0226390 
-.1052887 
-.1726372 
-.2024519 
-.1783993 
-.0997018 
.0136294 
.1247314 
.IQq‘5792 


,1984526 
,2016295 
.1996434 
.1888126 
.1643703 
.1214368 
.0579614 
-.0221666 
-.1068269 
-.1761008 
-.2070715 
-.1828066 
-.1023449 
. 0138521 
.1279090 
,1984265 
.1984522 
,2016296 
.1996434 
.1888125 
.1643703 
,1214368 
,0579614 
-.0221666 
-.1068269 
-.1761008 
-.2070715 
-.1828066 
-.1023443 
.0138520 
.1279090 
.1984266 


.2026423 
.2024238 
.2002058 
.1920383 
.1723471 
.1352967 
.0772475 
.0000822 
-.0857853 
-.1608707 
-.2007733 
-.1854910 
-.1108819 
,0040095 
,1200367 
.1927774 
.2026423 
,2024238 
.2002068 
.1920383 
.1723471 
.1352967 
.0772475 
,00 00822 
-.0857853 
-.1608707 
-.2007733 
-.1854910 
-.1108819 
.0040095 
,1200367 
.1927774 


,1995245 
.2073328 
.2021786 
.1948991 
.1756732 
.1385514 
.0797409 
.0010716 
-.0868591 
-.1640657 
-. 2054019 
-.1901481 
-.1138646 
.0039882 
.1231718 
.1979411 
.1990001 
.2073327 
. 2021786 
.1948991 
.1756731 
.1385514 
.0797409 
.0010717 
-.0868591 
-.1640667 
-.2064019 
-.1901481 
-.1138645 
,0039882 
.1231718 
.1979411 


.2026423 
.1876170 
.1432897 
.0775478 
.0000000 
-.0775479 
-.1432897 
-.1872171 
-.2026423 
-.1876170 
— » 1432897 
-.0775478 
,0000001 
,0775479 
.1432898 
. 1876171 
. 2026423 
.1872170 
. 1432896 
.0775477 
-.0000001 
-.0775480 
-.1432896 
-.1876171 
-.2026423 
-.1876170 
-.1432895 
-.0775476 
.0000002 
.0775481 
.1432899 
.1876171 


.2084094 
, 1829604 
.1359368 
.0833726 
.0006221 
-.0679853 
-.1384695 
-.1885865 
-.2095334 
-.1972846 
-.1532130 
-. 0838342 
.0002894 
.0871219 
.1594113 
.1863658 
.2084094 
.1829604 
.1359368 
,0033726 
,0006221 
-.0679853 
-.1384695 
-.1885865 
-.2095334 
-.1972846 
-.1532130 
-.0838342 
.0002894 
,0871219 
.1594113 
.1863658 
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CHAPTER 4 

DIRICHLET PROBLEM FOR A CIRCULAR DISC 
BY SECOND METHOD 


In the last chapter we have seen the usefulness of the 
First Method in solving Diriehlet Problem. In this chapter 
the application of the Second Method is discussed for the same 
problems under similar boundary conditions to make a compara- 
tive study between the two methods. 

As mentioned earlier the pair of integral equations to 
be solved in this case are as follows. 


and 


g(p) = / /^(q) log’l q-pjdq + I /^(p) 


W(P) 



2 

/ A^Cq) log’l q-Pjdq 
o 


(70) 


... (71) 


where the length of the perimeter of the circle is 2? other 
symbols carry their usual meaning. For the kernel log’)q-pi, 
we have made use of (45) here i.e., 


log’l q~P 1 


(x-x^) cos p + ^^"5^1^ ^ 

(x-Xj^) ^ ^ 


where (x,y) and (x^jy^) are the coordinates of the points q and 
p respectively and p is the angle subtended by the outward 
normal at q with x-axis (fig.7,pp, 50 ) „ If a be the inclina- 
tion of the radius vector of the point p,then the points q and 



) and 



p in this case can he replaced hy ( 

( CQJ ... g ., g- ) respectively. Substituting these values 

Tt 7t 

in the above equation, we find that 

log' Jq-p 1=1' • • • ('72) 

Observing that in case of the circle of radius l/it , which we 
are considering, ds = :^ d0 , thus (70) reduces to the follovring 
form 

g(p) - ^ f M (. + I M(v) ... (7S) 

Me change the limits of the above integral from (0,2Tt) to 
(-1,+1) by putting 


thus , 


0=:1t$+7t ,d0s:7td# 


g(p) = 4 n:$) d<l> + J yg(p) , 


(74) 


Replacing p by p^ and using Gauss-Legendre quadrature formula 
in the above equation, we get 

N cos sin , 

= i “k —— — - - — > + i 

... (73) 

cos sin irfl). 

Denoting p'(- , - — ^ ) by /U^ and taking these nodal 

points as the fixed points i,e*, 

cos sin 

^ ^ ^ i = 1 ,2 , . . . . ,W 
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equation (75) can be -written as 


N 

4.g(p^) 



In the first case where g(p) = x, we have 


4 

% 


cos 


N 
E 

k^i 


w. 


k^k 


... (76) 


which is a system of N-linear simultaneous equations, with 
the following coefficient matrix. 


G 5= 
n 


(wj+g) 

"W'g • • • • 

• » • • 

^1 

(Wg+2) . . . . 

.... Wj^ 

• • 

• • 

* • 


Vn 


Wg (wj^+2) 


We have in fact already proved in Chapter 2 that the matrix 
Gj^ is non- singular , in general, but the same result can be 
proved in this case with the help of the following theorem 
concerning matrices. It is important to point out here that 

w^, i = 1)2, M are the weights of the Gauss Legendre 

quadrature formula and hence are positive and also 

N 

S w. = 2 ... (77) 

i=l ^ 

Following is the statement of the theorem. 

Let A s= r®-ijl ? ^ arbitrary square matrix of order N . 
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Now from(77) , 

N N 

2 ¥ 1 . = S w, + W-- = £ 

k=l ^ i ^ ^ 

N 

Therefore (wj+2) >2 w, , since w.. > 0, 1=1,2, N. 

^ k9^i ^ 1 > » > 

Consequently from the theorem already proved Gjj is non- singular 
and so the solution of (76) exists. Grout’s method was used 
to compute the values of /^'s. It may he noted that in this 
case also, we find the analytic values of /id's , for different 
N, by using (23) . In particular, when g(p) = x 
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i e) CO^ ^ ^ ^ 

9 p 

and when g(p) = x - y , 

m ( ^ jQ) = — ... ( 80 ) 


Analytic and computed values of yW’s for N = 8,16,24 and 32 for 
Gauss-Legendre quadrature formula are shown in Table Nos. 17-20, 
pps. 70-7^ . The maximum error for N = 32 is ,00007 % Then 

to find W(P) , we take the coordinates of the points P and q as 
(R,7) and (1/tc ,9) respectively. Equation (71) on simplification 
reduces to the following equation. 


¥(R,h) = 


2Jt‘ 


2k 

f 

o 


cos 9 sin 0 


% 


n 


i - E oos(e-r?)j 


1 




cos 



-1 


de 


... (81) 


After changing the limits of the above integral to (-1,+1) , 
using (74) and then apply Gauss-Legendre quadrature formula, 
to obtain 


¥(P) 




+ R eos('n:<J^ - h) ^ 


{ 



+ ~ cos(7i;<®jj. 



... (82) 


Thus substituting the values of ^:^s obtained from (76) and Wj^., 

4^ from the tables £ 52_7’, we find ¥(P) at all those eight 
points, mentioned in the last chapter and shown in fig,7,pp. 50 , 
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Computed and analytic values of ¥(P) at these points are given 
in Table Nos, 21-24, pps. 73,74 , The maximum error for 

N = 32 at any of these points is ,08*/. 

For Lobatto quadrature formula, ¥e have to change 
weights and abscissas only in (76) and (82) , according to the 
tables Z” 52_7 . The analytic and computed values of yU’s, for 
values of N = 8,16,24,32 are given in Table Nos, 17-20 , pps . 70- 
7^ , Here also the maximum error for N = 32 is ,00005 '/, , 
Similarly the values of ¥(?) obtained for different values of 
N along with the absolute error are given in Table Nos. 21-24, 
pps, 7 3, 74 . The maximum error for N = 32 is .09 / , 

For the trapezoidal rule we proceed as follows. Applying 
this rule in the form given in (57) into (73) , we get 


where 


gCp) 







( i 

' It 


cos 


2% (k-1) 
N 


1 

% 


sin 


2% (k-1) 
N 


Replacing in the above equation p by p^ , where 

^ = ( 1 cos gSLlimll, 1 Sint 5 . 

Pi '• 7C N ’ 7E H ^ ^ 


Since we are considering the first case where g(p) 


i=l,2, ..,N 

= X, hence 


M cos ( ^ S + mDju^ ... (83) 

kjKi 


The above system of N linear simultaneous equations has the 
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following coefficient matrix, 



which is non-singular for the reasons given earlier in ease of 
the matrix Gjj . Therefore we can solve (83) to get /u^s. These 
values along with their analytical values are given in Table 
Nos .17-20 ,pps . '70- V:?, , for the values of N mentioned above. 

The maximum error for N = 32 is practically nil. Then we 
applied trapezoidal rule to (81) , which on simplification 
reduces to the following form. 


I 2 + R - ^ cos ( 


- n)} 


iTt ih-j 

N 


- 7 ) 


... (84) 


Substituting the values of ju's obtained earlier we finally get 
¥(P) at all those eight points. These values along with their 
analytical values appear in Table Nos. 21-24, pps . 73^ 74 
The maximum error at any point for N = 32 is almost zero . 

2 2 

For the second case where g(p) = x - y , the procedure 
is the same except for few changes in equations (76) and (83) . 
Here too all the three quadrature formulae were used. The 
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values of /^’s obtained are given in Table Hos . 25-28, pps. 75-77. 
The maximum error for N = 32 by Gauss-Legendre quadrature formula 
is ,0003 i, , by Lobatto quadrature formula .12 '/, and by trape- 
zoidal rule .00002 i, , Similarly the values of ¥(P) are again 
given in Table Hos. 29-32, pps, 7S, 7 9 . The maximum error 

at any point for N = 32 by Gauss-Legendre quadrature formula is 
.14 Lobatto quadrature formula .18 % , and by trapezoidal 
rule .0014 X . Computational work was done on the Computer 

IBli/7044 and programmes for one of the problems where g(p) = 

2 2 

X - y 5 using Gauss-Legendre quadrature formula and trapezoidal 
rule are given in Appendix II, 

Looking at the results of the last and the present 
chapter, it may be seen that in the First Method, Gauss-Legendre 
quadrature formula provides better results while in the Second 
Method, it is the trapezoidal rule which gives pretty accurate 
results. The maximum error is about one in a lakh. The 
reason for this is as follows. The integral involved in the 
Second Method to which we applied trapezoidal rule is 

2Tt 

/ /^(cos 9 /tc , sin G/te ) de . The Integrand is a periodic function 
o 

of sin 9 and cos 0, of period 2it . Consequently, since y£i(0) =yU(27i) , 
the formula (57) was applied. Mow consider the error 

Em (f) = ^ S f( p )- J^f (x) dx, in this formula. 

^ k=l ^ o 


It can be easily verified that 



, i = r-1 


fi9 


Ej ( = I- ’ 

^ 0 , otherwi se 

This means that the trapezoidal rule (T^) is exact for 2N 
periodic functions 1, sin x, cos x, sin(H-l) x, cosCN-l) x, 
sin Nx. The reason why Gauss-Legendre quadrature formula and 
Lohatto formula give error is that // has derivatives of all 
orders . 
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taishs of u 


g(p) =~x 


Tabl® Mo. 

17 


N = 8- 


Lobatto 

formula 

Trarozoidal rul® 

Analytic 

Computed 

Analyt ic 

Computed 

Analytic 

Computed 

valu^^s 

valu'= s 

valu° s 

Vain'S s 

valu<»s 

values s 

,e21C722 

,6316722 

.6366197 

.6366197 

,6366196 

.6366197 

,5110893 

.5110892 

.5856342 

,5856341 

.4501580 

,4501581 

,0510102 

.0510100 

.1808741 

.1808740 

- .0000001 

.0000000 

-.5338038 

-.5338038 

-.5038860 

-.5038861 

-.4501582 

-.4501581 

.6316722 

.6316722 

.6366197 

.6366197 

-.6366197 

-.6366197 

.5110893 

.5110892 

.5856342 

.5856341 

-.4501579 

-.4501581 

.0510102 

.0510100 

.1808741 

.1808740 

.0000003 

.0000000 

^.5338038 

-.5338038 

-.5038860 

-.5038861 

.4501583 

.4501581 



Tabl® No 

. 18 



g(p) = X 





N = 16 

.6362668 

.6362668 

.6366197 

.6366197 

.6366192 

.6366197 

.6269933 

.6269933 

,6337124 

.6337125 

.5881599 

.5881599 

.5807357 

.5807357 

.6049653 

.6049653 

.4501580 

.4501581 

.4577359 

.4577358 

.5054801 

.5054800 

.2436237 

,2436238 

.2304009 

.2304009 

.2932679 

.2932678 

-.0000001 

.0000000 

-.0995560 

-.0995561 

- .0278722 

- .0278722 

-.2436239 

-.2436238 

-.4033202 

-.4033204 

-.3744698 

-.3744699 

- .4501582 

-.4501581 

- .6084693 

-.6084693 

-.6046363 

-.6046364 

- ,5881599 

-.5881599 

.6362668 

.6362668 

.6366197 

.6366197 

- .6366197 

-.6366197 

.6269933 

.6269933 

.6337124 

,6337185 

- .5881598 

-.5881599 

.5807357 

.5807357 

,6049653 

.6049653 

-.4501579 

-.4501581 

,4577359 

.4577358 

.5054801 

.5054800 

- .2436235 

- ,2436238 

.2304009 

.2304009 

.2932679 

.2932678 

.0000003 

.0000000 

-.0995560 

-.0995560 

-.0278722 

-.0278722 

,2436241 

.2436238 

-.4033202 

-.4033204 

- .3744698 

-.3744699 

.4501583 

.4501581 

-.6084693 

-.6084693 

-.6046363 

-.6046364 

.5881600 

,5881599 
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g(p) =-X. 

VALU-^S OF u 

Tabl® Ko. 19 


ft 

Gauss-LAgondr® formula 

Lobatto formula 

Trapezoidal rule 

Analytic Computed 

Analytic ComputAd 

Analytic 

Computod 

valuAs valuAs 

valu® s valuA s 

value s 

valuAs 


.6365469 
.6346144 
.6246876 
.5965109 
.5375180 
.4359773 
,2856172 
.0905351 
-.1314602 
- ,3494473 
- .5252749 
-.6237722 
.6365469 
.6346614 
.6246876 
.5965169 
.5375180 
.4359773 
.2856172 
.0905351 
-.1314602 
- .3494473 
-.5252749 
-.6237722 


.6365470 
.6346144 
.6246876 
.5965169 
.5375179 
.4359772 
.2856170 
.0905349 
-.1414603 
-.3494474 
-.5252748 
«. 6237723 
.6365470 
,6346144 
.6246876 
.5965169 
.5375179 
.4359772 
.2856170 
.0905349 
-.1314603 
-.3494474 
-.5252748 
- .6237723 


.6366197 
,6360666 
,6304777 
.6100458 
.5611787 
,4697457 
.2361982 
.1317048 
-.0969879 
- ,3270775 
-.5158328 
-.6226566 
.6366197 
.6360666 
.6304777 
.6100458 
.5611787 
.4697457 
.3261982 
.1317048 
-.0969879 
-.3270775 
-.5158328 
-.6226366 


.6366197 
.6360666 
.6304777 
.6100458 
.5611787 
.4697456 
.3261981 
.1317046 
- .0969880 
-.3270776 
-.5158329 
-.6226367 
,6366197 
,6360666 
.6304777 
.6100458 
.5611787 
.4697456 
.3261981 
.1317046 
-.0969880 
-.3270776 
-.5158329 
-.6226367 


,6366196 
.6149272 
.5513288 
.4501580 
.3183097 
,1647692 
- .0000001 
- .1747692 
-.3183099 
-.4501582 
-.5513289 
- .6149274 
-.6366197 
- .6149273 
-.5513287 
-.4501579 
-.3183098 
- .1647690 
.0000003 
.1647696 
.3183101 
.4501583 
.5513290 
.6149275 


.6366197 
.6149274 
.5515289 
.4501581 
.31 8309 8 
.1647693 
,0000000 
- ,1647693 
-.3183098 
-.4501581 
-.5513288 

- .6149274 
-.6366197 
-.6149274 
-.5513289 
-.4501581 
-.3183099 

- .1647693 
.0000000 
.1647692 
.3183098 
,4501581 
.5513288 
.6149274 



VALUES OF 

U 




Tablo No. 

-2SL 

* 


g(p) = X 




N = 32, 

Gauss-L-^gondr^ formula 

Lobatto 

formula 

Trap-^zoidal rul®- 

Analytic Computed 
values values 

Analytic 

valups 

Computed 

values 

Analytic 

values 

Computed 

values 


.6365961 .636596S 

,6359694 .6359694 

.632722 8 .6327228 

.6233544 .6233544 

.6031473 .6031473 

.5666571 .5666570 

.5084745 .5084745 

.4242679 .4242679 

.3120153 ,3120152 

.1732198 .1732196 

.0137988 .0137987 

-.1557016 -.1557018 

-.3208434 -.3208434 

-.4650502 -.4650503 

-.5721658 -.5721659 
-.6293024 -.6293025 

.6365961 .6365962 

.6359694 .6359694 

.6327228 .6327228 

.6233544 .6233544 

.6031473 .6031473 

,5666571 .5666570 

.5084745 .5084745 

.4242679 . 4242679 

.3120153 .3120152 

.1732198 ,1732196 

.0137988 .0137987 

-.1557016 -.1557018 

-.320 8434 -.3208434 

-.4660502 -.4650503 

-.5721658 -.5721659 
6293024 -.6293025 


6366197 .6366197 

,6364480 .6364481 

,6347032 . 6347032 
6282361 .6282361 

6123638 .6123638 

5813252 .5813252 

5290461 .5290461 

4502494 .4502493 

3418434 .3418433 

2043808 .2043807 

0432314 .0432312 

1309627 -.1309628 

3029197 - .3029198 

,4545897 -.4545898 

5680484 -.5680485 
,6288241 -.6288241 

6366197 .6366197 

6364480 .6364481 

6347032 .6347032 

,6282361 .6282361 
6123638 .6123638 

5813252 .5813252 

5290461 .5290461 

,4502494 . 4502493 

,3418434 .3418433 

2043808 .2043807 

,0432314 .0432312 

,1309627 -.1309628 

,3029197 - .3029198 

4545897 -.4545898 
,5680484 -.5680485 
,6288241 -.6288241 


.6366196 

.6366197 

.6243872 

.6243873 

.5881599 

.5881599 

.5293298 

.5293299 

.4501580 

.4501581 

.3536868 

.3536869 

.2436237 

.24362 3 8 

.1241982 

.1241983 

-.0000001 

.0000000 

-.1241984 

-.1241983 

-.2436239 

-.2436238 

-.3536870 

-.3536869 

-.4501582 

-.4501581 

-.5293300 

-.5293299 

- .5881599 

-.5881599 

-.6243872 

-.6243872 

-.6366197 

-.6366197 

-.6243871 

-.6243872 

-.5881598 

-.5881599 

-.5293297 

-.5293300 

-.4501579 

-.4501581 

-.3536867 

-.3536870 

-.2436235 

-.24362 38 

-.1241980 

-..1241983 

.0000003 

.0000000 

.1241986 

.1241983 

.2436241 

.2436238 

.3536872 

.3536869 

.4501583 

.4501581 

.5293301 

.5293299 

.5881600 

.5881599 
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g(p) = -x^ 

2 

“ y 

VALU^^lS OF 

Tabl® No. 



N = 8 

Gauss-Lpgondri= formula 

Lobatto 

formula 

Trapezoidal rul»' 

Analytic 
valu® s 

Computod 

vaiu®s 

Analytic 

values 

Computed 

valups 

Analytic 
valu® s 

Computed 

values 

.1963674 

.1963678 

.2026423 

.2026520 

.2026423 

.2026423 

.0585700 

.0585702 

.1403251 

.1403347 

.0000000 

.0000000 

-.2000402 

-.2000399 

-.1699268 

-.1699172 

-.2026423 

-.2026423 

.0823042 

,0823046 

.0512588 

.0512685 

.0000001 

.0000000 

.1963674 

.1963678 

.2026423 

.2026520 

.2026423 

.2026423 

.0585700 

.0585702 

.1403251 

.1403347 

^ .0000001 

.0000000 

- .2000402 

-.2000399 

-.1699268 

- .1699172 

-.2026423 

-.2026423 

.0823042 

.0823046 

.0512588 

.0512685 

,0000002 

.0000000 



Tablo No. 

26 



g(p) = x*^ 

- 




N = 16 

.2021931 

.2021931 

.2026423 

.2026423 

.2026423 

.2026423 

.1904783 

.1904783 

.1989491 

.1989492 

.1432897 

.1432897 

.1346116 

.1346115 

.1633407 

.1633407 

.0000000 

.0000000 

.0068799 

.0068797 

.0528678 

.0528677 

-.1432897 

-.1432897 

- .1495577 

-.1495577 

-.1166362 

- .1166363 

- .2026425 

-.2026423 

- .1927309 

-.1927327 

- .2018654 

-.2018655 

-.1432897 

-.143^897 

- .0399751 

- .0399749 

-.0624147 

- .0624146 

.0000001 

.0000000 

.1675925 

.1675926 

.1629428 

.1629428 

.1432898 

.1432897 

.2021931 

.2021931 

.2026423 

.2026423 

.2026423 

.2026423 

.1904783 

.1904783 

.1989491 

.1989492 

,1432896 

.1432897 

.1346116 

.1346115 

.1633407 

.1633407 

- .0000001 

.0000000 

,0068799 

.0068797 

.0528678 

.0528677 

- ,1432899 

-.1432897 

- ,1495577 

- .1495577 

- .1166362 

.1166363 

- ,2026423 

- .2026423 

- .1927309 

- .1927327 

- .2018654 

-.2018655 

- .143289i 

-.1432897 

- .0399751 

- .0399749 

-.0624147 

-r .0624146 

,0000002 

.0000000 

.1675925 

.1675926 

.1629428 

.1629428 

,1432899 

' .1432897 




6 


VALU15S OF lU 


/ N 2 2 

g(p) = X - 1 

Tabl® No. 27 


N = 24 

Gauss-Logi^ndro formula 

Lobatto formula 

Trapezoidal rule- 

Analytic Comput'^d 

Analytic Computed 

Analytic 

Computed 

values values 

values valuers 

value s 

value s 


.2025496 
.2000931 
.1875923 
.1531901 
.0862833 
-.0125661 
-.1210651 
- .1944457 
-.1853605 
-.0805289 
.0732714 
,1864495 
.2025496 
.2000931 
.1875923 
.1531901 
.0862833 
-.0125661 
-.1210651 
- .1944457 
- .1853605 
-.0805289 
.0732714 
.1864495 


.2025497 
.2000931 
.1875923 
.1531901 
.0862832 
-.0125662 
-.1210652 
- .1944457 
- .1853605 
-.0805288 
.0732712 
.1864495 
.2025497 
.2000931 
.1875923 
.1531901 
.0862832 
-.0125662 
- ,1210652 
-.1944457 
- .1853605 
-.0 8052 88 
,0732712 
.1864495 


.202 6423 
.2019384 
.1948598 
.1695136 
.1122792 
.0180187 
-.0962370 
- .1852961 
-.1932356 
-.0956626 
.0634412 
.1850341 
.2026423 
.2019384 
.1948598 
.1695136 
.1122792 
.0180187 
-.0962370 
-.1852961 
-.1932356 
- .0956626 
.0634412 
.1850341 


.2026423 

.2019384 

.1948598 

.1695136 

.1122791 

.0180185 

-.0962371 

- .1852962 
-.1932356 
-.09,56625 

.0634412 

.1850341 

.2026423 

.2019384 

.1948598 

,1695136 

.1122791 

.0180185 

-.0962371 

- .1852962 
-.1932356 
-.0956625 

.0634412 

.1850341 


,2026423 
.1754933 
.1013211 
.0000000 
- .1013212 
- .1754934 

- .2026423 
- .1754933 
-.1013210 

.0000001 

.1013212 

.1754934 

,2026423 

.1754933 

.1013210 

- ,0000001 

-.1013213 

- ,1754934 
-.2026423 

- .1754932 
-.1013208 

.0000002 

.1013213 

.1754935 


.2026423 
.1754934 
.1013211 
.0000000 
-.1013211 
-.1754934 
-.2026423 
- ,1754934 
- .1013211 
.0000000 
.1013211 
.1754934 
.2026423 
.1754934 
.1013212 
.0000000 
- .1013211 
- .1754934 
-.2026423 
- .1754934 
-.1013212 
.0000000 
.1013211 
.1754934 


77 

VAIP^S OF U 


g(p) =-z^ 

- 

Table No. 

28 


N = 32 

}auss-Log« 

ndro forffiula 

Lobatto 

formula 

Trapezoidal rule- 

Analytic 

values 

Computed 

values 

Analytic 

values 

Computed 

values 

Analytic 

values 

Comput'-d 

values 

.2026123 

.2026124 

.2026423 

.2026423 

,2026423 

.2026423 

.2018147 

.2018148 

.20242 3 8 

.2024238 

.1872170 

.1872171 

.1976958 

.1976958 

.2002058 

.2002058 

.1432897 

,1432897 

.1859284 

.18592 84 

.1920383 

.1920383 

.0775478 

.0775478 

.1611444 

.1611443 

.1723471 

.1723471 

.0000000 

.0000000 

.1184580 

.1184578 

.1352967 

.1352966 

-.0775478 

-.0775478 

.0559041 

.0559039 

.0772475 

.0772474 

-.1432897 

-.1432897 

-.0226390 

-.0226390 

.0000822 

.0000821 

-.1872171 

- .1872171 

-.1052887 

- .1052888 

-.0857853 

-.0857855 

-.2026423 

-.2026423 

-.1726372 

-.1726373 

- .1608707 

-.1608708 

-.1872170 

- .1872171 

-.2024519 

-.2024519 

-.2007733 

-.2007734 

-.1432897 

-.1432897 

-.1783993 

-.1783993 

-.1854910 

-.1854911 

-.0775477 

- .0775478 

- .0997018 

-.0997018 

-.1108819 

-.1108819 

.0000001 

.0000000 

-.0136294 

-.01362 94 

,0040095 

.0040096 

.0775479 

.0775478 

.1247314 

.1247314 

.1200367 

.1200367 

.1432898 

.1432897 

.1933792 

.1933792 

.1927774 

.1927774 

.1872171 

.1872171 

.2026123 

.2026124 

.2026423 

.2026423 

.2026423 

.2026423 

.2018147 

.2018148 

.20242 38 

.20242 38 

.1872170 

.1872171 

.1976958 

.1976958 

.2002 058 

.2002058 

.1432896 

.1432897 

.1859284 

,1859284 

,1920383 

.1920383 

.0775477 

.0776478 

.16S!1444 

.lflli43 

.1723471 

.1723471 

-.COOCOOl 

.0000000 

.1184580 

.1184578 

.1352967 

.1352966 

-.0775480 

- .0775478 

.0559041 

.0559039 

.0772475 

.0772474 

-.1432899 

-.1432897 

-.0226390 

- .02263908 

.0000822 

.0000821 

-.1872171 

-.1872171 

-.1052887 

-.1052888 

-.0857853 

-.0857855 

-.2026423 

-.2026423 

- .1726372 

-.1726373 

- .1608707 

-.1608708 

-.1872170 

-.1872171 

-.2024519 

-.2024519 

-.2007733 

-.2007734 

- ,1452895 

-.1432897 

-.1783993 

- ,1783993 

- .1854910 

-.1854911 

-.0775476 

-.0775478 

- .0997018 

-.0997018 

-.1108819 

- .1108819 

.0000002 

.0000000 

.0136294 

.0136294 

.0040095 

.0040096 

.0775480 

.0775478 

.1247314 

,1247314 

,1200367 

.1200367 

.1432899 

.1432897 

.1933792 

.1933792 

.1927774 

.1927774 

.1872171 

.1872171 
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CHAPTER 5 


DIRICHLET PR0BLEI4 FOE RECTANGULAR CONTOUR 

In the last two chapters, the possibility of applying 
integral equation methods for solving Dirichlet Problem in ease 
of the circular boundary was investigated. The accuracy achie- 
ved provide enough encouragement to test them further to the 
case of a different boundary. One of the simplest examples 
where the tangent to the curve is not continuously turning is 
the rectangular contour . 

Now so far the First Method is concerned there is no 
difficulty in applying it. It may however be mentioned that 
when q coincides p, the straight line approximation of the arc 
for the average value of logjq-p|, gives an excellent average. 
On the other hand in the Second Method the kernel of one of the 
integral equations is log’ | q-p ji,e, , outward normal derivative 
of log|q-pjat the point q on the boundary. So even if q does 
not coincide with p, at the fou* corners of the rectangle, 
log’ jq-pj does not exist. However this situation is already 
discussed in Chapter 2, but it will be worked out in some 
detail in this chapter, where we discuss the application of the 
Second Method. 

As mentioned, we condider the rectangle : x = + 1, 
y = + ,5 i.e., a rectangle of sides 2 and 1, The same two 
sets of boundary conditions, which were used in case of the 
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circular domain will be assiraed here also. It is being done 
for two reasons. Firstly, as stated they belong to two diff- 
erent categories of functions, viz. even and odd and secondly, 
just to find out how far the two methods suggested are success- 
ful in case of the rectangular domain, as compared to that of 
a circle . 

First Method - 

The integral equation to be solved for o- is as follows. 

6 

$(p) / o-(q)log|q-p|dq ... (85) 

The limits have been taken from 0 to 6, because the perimeter 
is of length 6 units for the rectangle. In this case we solve 
this integral equation in a manner rightly different from that 
given in Chapter 3. Divide the entire contour length into W 
equal intervals and assume that cr is constant in each of it. 
Therefore 

N Vl/2 

$(p) = - S o-(qJ / log I q-p I dq ... (86) 

\-l/ 2 

Replace p by qj|_, i = 1,2,...,H where qj, is the nodal point of 
the interval I^ = ( ? ^i+ 1/2 ^ 

N ^k+ 1/2 

4Kqp = - 2 og / loglq-q, |d(j ... ( 87 ) 

k=l '^k-l/2 ' ^ ' 

Integrals in the above equation can be easily evaluated if 
i k, otherwise we make use of the approximation (CL) , 
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Since in one of the cases, which we are considering $(q^) 2 = x^, 
where (x^,y^) are the coordinates of the point on the honn- 
dary so (87) represents a set of N linear simultaneous equations 
in N unknowns : , i = 1,2,,..,N. As mentioned earlier the 

solution of this system exists and was obtained, using Gauss- 
elimination method for N = 12,24,36 and 48, These values are 
given in Table No.3S,pp. 87 . 


Afterwards, we replace in (86) , p by P, the point where 
the harmonic function is to be computed. Since $(P) = V(P) , as 
pointed out earlier, hence 


V(P) 


N 

- 2 

k=l 


\+l/2 

/ log|q-P| dq 
^k-1/2 


... ( 88 ) 


We simplify (88) after substituting the values of cr ’ s and 
thus get the required value of y(P) . Since the domain under 
consideration is symmetrical about both the axis so only the 
positive quadrant was covered by a square grid of size ,2 and 
V(P) was computed at each of these points apart from few points 
on both the axis as shown in fig.9,pp, 9€> , These values along 
with their analytical one for above mentioned values of N are 
shown in Table No.34,pp. 68 . The maximum error for 1=48 at 
any of these points is .046 % . 

Similar calculations were done after replacing $(q^) by 

2 2 

Xf - y^j^ in (87) . The values of o- ’s in this case are given 
in Table lo. 35, pp. 59 ? the same values of 1. Values of 



V(P) at all those points were also computed and are given in 
Table No.36,pp. c\q , The maximum error at any point for 
N = 48 is 1.5 •/ . 

Second Method - 

The same problems were attempted by this method also to 
have a comparative study of the results. In this case the 
integral equation to be solved for is as follows. 

T 6 -j 

g(p) = -^ / /^(q)log‘ |q-p|dq + g /^(p) ... (89) 

Proceeding in the same manner as described above, we find 

. N %A-1/Z , 

~ 27C ^ ^ log’ |q-p|dq + ^ yU(p) ... (90) 

For solving the integrals in this equation, there are two ways 
of replacing the integrand, as described in Chapter 2. One was 
found convenient in case of the circle, but we employ the 
second one here. Consequently 

N ^k+1/2 1 

g(p)= 2^ ^ ^ dq 2 

Vl/2 

or 

N 

g^p)=i;r^2i +IMP) ... (91) 

^k+l/2 

where / d0 i= 0^^ . ¥e can interpret 6^ 

Vl/2 

as the angle traversed by the radius vector from the point p. 
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to the point q, as it moves from the point ‘^k+l/2 * 

It is shown in fig. 8,pp. , hy taking one of the nodal 

points as the point p. Then as usual we replace in (91) , p 
i =1,2,...., N and g(q^) hy in the case where 
g(p) = X. Thus (91) can he written as 


= It ^ Vk I f 8i)- 

It has heen already proved in Chapters 2 and 4 that the coeffi- 
cient matrix of this system of linear equation is non-singular. 
Values of /z’s were obtained using Gauss elimination method for 
the same values of of H i .e . , H = 12,24,36 and 48, and are 
given in Table No.37,pp. *^1 . Then the value of WC?) at any 
point P, inside the contour may he obtained as follows. 


¥(P) =1^ / p'(q)log’|q-P| dq 

o 



^k4'1 / 9 

/ log’U-P|a, 
Vl/2 


“ 2 % ^k ®k 

where is the angle subtended by the interval I^ — ^^k-l/2 ’ 
*^k+l/2^ at the known point P, Different values of for N = 12 
are shown in fig.9,pp. Q-6 . Substituting the values of ju' s in 

(92) , we find ¥(P) after simplification. Computed as well as 
analytic values of ¥(P) at all those points mentioned earlier 
are given in Table No. 38, pp. . The maximum error for 
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N = 48 is ,041 % , Similar computations were done for the 
second case where ®(p) = x - y and the values of o- 's 
obtained here are given in ‘Table No. 39, pp, ^3 whereas the 
values of ¥(P) are given in Table No,40,pp, . The maximum 

error for N = 48 at any point in this case is about 1,0 ^ . 

Entire computational ■work was done on Russian Computer 

MINSiv-2, at I.I.T,, Bombay, where the facility for doing 

calculations up to 7 significant figures only is available. 

2 2 

Autocode programmes for the case when 4>(p) = x -y , by First 
Method, and when g(p) = x by Second Method are given in 
Appendix III. From the errors, one can see that the Second 
Method in these problems is more consistent and also the maximum 
error with this method is less than the First Method, In the 
following chapters, we shall apply the foregoing theory to the 
investigation of some problems in Mathematical Theory of 
Elasticity to obtain some explicit solutions. 
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FIG, 8 - ANGLES SUBTENDED BY DIFFERENT INTERVALS OF 
THE boundary fo r N=12 AT ONE OF THE NODAL 
POINTS. 




angles subtended by DIFFERENT INTERVALS OF 
THE boundary FOR N = 12 ' AT ONE OF THE LAttfCE 
POINTS OF THE NET WHERE THE SOLUTION' OF TH E ' 
LAPLACE EQUATION IS FOUND. 
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Table No. 

COMPUTED VALUES OF o- 

35 

WHEN 4>(p) = X 


N = 12 

0.3304757 

0 .1926112 

0.0306854 

-0.0306854 

-0.1926112 

-0.3304757 

-0,3304757 

-0.1926112 

-0 .0306854 

0.0306854 

0.1926112 

0.3304757 

N = 24 

0.2703728 

0.3866806 

0 .2773265 

0.1015816 

0.0559426 

0 .0175114 

-0.0175114 

-0.0559427 

-0.1015816 

-0.2773265 

-0.3866806 

-0.2703727 

-0.2703728 

-0,3866806 

-0.2773265 

-0.1015816 

-0.0559427 

-0.0175114 

0 .0176114 

0,0559426 

0.1015816 

0.2773265 

0 .3866806 

0.2703728 

N s 36 

0 .2731544 

0 .2833184 

0.4275250 

0.3327151 

0.1411225 

0.0972329 

0 .0630298 

0.0358738 

0.0116684 

-0.0116685 

-0.0358739 

-0.0630298 

-0.0972329 

-0.1411225 

-0.3327151 

-0.4275249 

-0.2833183 

-0 .2731544 

-0.2731543 

-0.2833184 

-0.4275249 

-0 .3327151 

-0.1411225 

-0.0972329 

-0.0630298 

-0,0358739 

-0.0116684 

0.0116684 

0.0358739 

0.0630298 

0.0972329 

0.1411225 

0.3327152 

0,4275249 

0.2837184 

0.2731543 

N = 48 

0.2720229 

0,2808361 

0.2977814 

0 .4613241 

0.3754814 

0.1699174 

0.1256757 

0.0921602 

0.0668394 

0 .0455772 

0.0265778 

0,0087395 

-0.0087395 

-0,0265778 

-0.0455772 

-0.0668394 

-0.0921602 

-0.1256756 

-0.1699173 

-0.3754813 

-0.4613241 

-0.2977814 

-0.2808361 

-0 ,2720229 

-0.2720229 

-0.2808361 

-0,2977815 

-0,4613241 

-0.3754813 

-0.1699174 

-0.1256756 

-0 .0921601 

-0,0668394 

-0.0455772 

-0.0265778 

-0.0087395 

0.0087395 

0 .0265778 

0 .0455772 

0.0668394 

0.0921691 

0.1256757 

0.1699173 

0.3754813 

0.4613242 

0,2977814 

0.2808361 

0.2720229 
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Table 

COMPUTED VALUES OF 

No. 35 

(T WHEN 

-y® 

N = 12 

1,0919330 

0.4094589 

0.0048797 

0,0048797 

0.4094589 

1 .0919330 

1.0919330 

0.4094589 

0 .0048797 

0.0048797 

0,4094589 

1 .0919330 

N = 24 

0.9820405 

1,2855030 

0.7255527 

0,1860558 

0.0830465 

0.0343775 

0,0343775 

0.0830466 

0.1860557 

0.7255527 

1.2855030 

0,9820406 

0.9820406 

1.285503 

0.7255527 

0.1860558 

0.0830465 

0.0343775 

0.0343775 

0.0830465 

0.1860557 

0.7255528 

1.2855030 

0,9820406 

N = 36 

1.0043100 

1.0209670 

1.4152170 

0.9235413 

0.3144084 

0 .1874686 

0.1062843 

0.0612819 

0.0406310 

0 .0406310 

0.0612 819 

0.1062843 

0.1874686 

0.3144084 

0.9235415 

1.4152160 

1 .0209670 

1,0043100 

1.0943100 

1.0209670 

1 .4152170 

C%9235413 

0.3144084 

0.1874686 

0.1062843 

0 .0612819 

0.0406311 

0.0406311 

0 .0612819 

0.1062843 

0.1874686 

0.3144083 

0.9235415 

1.4152170 

1.02 09670 

1.0043100 

N = 48 

1.0072270 

1.0257030 

1.0587200 

1.5201770 

1.0724700 

0 .4118516 

0 .2732759 

0.1788738 

0.1186933 

0 .0792499 

0.0551169 

0.0436105 

0.0436105 

0 .0551169 

0.0792499 

0.1186933 

0^788738 

0.2732759 

0.4118516 

1,0724700 

1.5201770 

1.0587200 

1.0257030 

1.0072270 

1.0072270 

1 .0257030 

1,0587200 

1.5201770 

1.0724690 

0.4118517 

0,2 732 759- 

0,1788738 

0.1186932 

0.0792499 

0.055U69 

0 ,0436105 

0.0436105 

0.0551169 

0 .0792500 

0.1186933 

0 .1788738 

0 .2732759 

0.4118516 

1.0724690 

1.5201770 

1.0587200 

1 r\Oi:rr7/^rTi» ^ 
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N = 12 
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Table No: 37 

CCMHJTED V/LTJES OF WHEN g(p) = x 


1.788518C 

0,9278688 

0.3042532 

-C.SC42531 

-C .9278688 

-1 .78851 8C 

-1 .7885180 

-C .9278688 

-0.3042BS2 

0.30-^531 

0.9278688 

1.7885180 

N = 24 

1 .7658940 

1.6643330 

1.1191940 

0,7808726 

0,4630147 

0 .1535606 

-0.1536606 

-0.4630147 

-0.7808726 

-1 .1191940 

-1 .6643330 

-1 ,7658950 

-1.7658940 

-1.6643330 

-1 .1191940 

-0.7808726 

-0.4630147 

-0.1535606 

0.1536606 

0.4630147 

0.7808726 

1.1191930 

1.6643330 

1.7658940 

N = 36 

1.7601690 

1 .7142550 

1.6095780 

1,1926980 

0.9520925 

0 .7309812 

0.5170440 

0.3 0 86818 

0.1026554 

-0,1026654 

-0.3086818 

-0.5170440 

-0 .7309812 

-0 .9520925 

-1.1926980 

-1.6095780 

-1.7142550 

-1.7601690 

-1.7601690 

-1.7142550 

-1.6095780 

-1 .1926980 

-0.9520925 

-0.7309812 

-0.5170440 

-0.3086818 

-0.1026554 

0.1026555 

0.3086818 

5.5170440 

0.7309812 

0.9520925 

1.1926980 

1.6095780 

1.7142550 

1.7601690 

cof 

li 

1 .7572730 

1.7315500 

1.6757400 

1.5775570 

1.2330880 

1.0428480 

0.8693944 

0 .7044179 

0.5442565 

0 .3870262 

0,2315750 

0.0770894 

-0.0770894 

-0.2315750 

-0.3670262 

-0.5442565 

-0.7044179 

-0.8693944 

-1.0428480 

-1.2330880 

-1.5775570 

-1.6757400 

-1.7315500 

-1.7572730 

-1 .7572730 

-1 .7316500 

-1.6757400 

-1 ,571^570 

-Ii23308g0 

-1 ,0428480 

-0.8693944 

-0.7044179 

-0.5442566 

-0.3870262 

-0.,2315750 

-0 .0770894 

0.0770894 

0.2315750 

0.3870262 

0.5442565 

0.7044179 

0.8693944 

1.0428480 

1.2330880 

1.5776570 

1.6757400 

1.7315500 

1.7572730 
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Table N'l. 39 


COMPUTED VALUES OF ViHEN g(p) 



N = 12 


2 .0010850 . 

-0.2770791 

-0.2770791 

2 .0010850 

-1.0430350 

-1.0430350 

N = 24 

2 .0163270 

1.6603820 

-0.8765929 

-1 ,0675480 

-0.4812622 

0.1581172 

2.0163270 

1.6603820 

-0.8765930 

-1 .0675480 

-0.4812622 

0 .1581172 

N = 36 

2 .0151260 

1,8550440 

-0 .1721810 

-0.5454077 

-1.0679920 

-1.0679920 

-0 ,5454077 

-0.1721810 

1.8550440 

2.0151260 

1.5027770 

0.3413849 

-0.8111952 

-0.9832994 

-0 .9832 094 

-0.8111952 

0,3413860 

1.5027770 

N = 48 

2.0126740 

1.92279 80 

0,4455966 

0 .0144707 

-0 .7765859 

-0,9230350 

-1.0669150 

-1.0192180 

-0 .5765871 

-0,3169865 

1,4029050 

1.7322070 

2 .0126740 

1.92279 80 

0.4455966 

0.0144707 

-0.7765859 

-9.9230350 

-1 .0669150 

-1 .0192180 

-0.5765871 

-0 .3169865 

1.4029050 

1.7322070 


-1.0430350 

-1.0430350 

2.0010850 

-0.2770791 

-0.2770791 

2 .0010850 

0.1581172 

-0,4812622 

-1.0675480 

-0,8765930 

1.6603820 

2 .0163270 

0.1581172 

-0.4812622 

-1 .0675480 

-0.8765930 

1.6603820 

2 .0163270 

1,5027770 

0.5413849 

-0 .8111952 

-0.9832994 

-0.9832994 

-0.8111952 

0.3413849 

1.5027770 

2 .0151260 

1.8550440 

-0.1721810 

-0.5454077 

-1.0679920 

-1.0679920 

-0.5454077 

-0.1721810 

1.8550440 

2 .0151260 

1,7322070 

1.4029050 

-0.3169865 

-0.5765871 

-1.0192180 

-1 .0669150 

-0.9230350 

-0 .7765859 

0.0144797 

0.4455966 

1,9227980 

2 ,01267^0 

1.7322070 

1.4099050 

-0,3169865 

-0.5765871 

-1.0192180 

-1.0669150 

-0.9230350 

-0 .7765859 

0 .0144707 

0 , 4455966 

1.9227980 

2.0126740 
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CHAPTER 6 


TORSION PROBLEM FOR PRISI4S OF RECTANGULAR AI^JD 
EQUILATERAL TRIANGULAR CROSS-SECTIONS 


The torsion prohlem of an elastic cylinder is one of 
the classical problems of the theory of elasticity. The details 
of the problem and its equivalent mathematical formulations are 
given in all the standard books on Theory of Elasticity Z" 50_7 . 
The main results of the theory are discussed below in brief. 

Consider a cylinder of homogeneous isotropic elastic 
material of rigidity ji. One end of the cylinder is fixed and 
the other end is being twisted by a couple of moment M, about 
an axis parallel to the generators of the cylinder. The origin 
of the coordinate system is at the fixed end. The z-axis is 
parallel to the axis of the cylinder and x and y axis are any 
two mutually perpendicular axis in the fixed plane. To solve 
the problem the following displacements are assumed, 

u = ayz , V = axz , w = a$(x,y) . ... (93) 

Here a is the angle of twist per unit length and is a constant. 
The function #(x,y) is the unknown function to be determined 
and is called the warping or torsion function. The torsion 
problem consists of finding ^Cxjy) or an equivalent function, 
subject to suitable boundary conditions. 

Displacements in (93) give the following two non-zero 
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strain components 

®zx = “< s 

whence the stresses are 

■^zx = If- ’ '^yz = H*-" 

The equations of equilibrium Z"50_/, when there are no body 
forces reduce to 


(94) 


(95) 


2 ^,% 51 ®*+ »ls* = 0 

8x® 8y^ 

It can be proved that since the surface of the cylinder 
free from traction, therefore 

^ = y cos(x,n)~ x cos(y,n) on C, 


is 


(96) 


(97) 


where C is the boundary of the cross-section of the cylinder. 
Thus by (96) and (97) the torsion problem is formulated as a 
Neumann Problem. It can be also formulated as a Dirichlet 
Problem, Let he the harmonic conjugate of ^ thus <I>* + iH^ 
is an analytic function of x + iy . Whence it is well known 
that 

V 0 


and 

M* - ilf 

5n *■ 8 s 

Noting that cos(x,n) = and cos(y,n) = 
that 5=1/2 (x^+y^)+ const, on the boundary. 


... (98) 

, it may be seen 
For simply - 



connected regions this constant may be taken as zero. 

Thus the torsion problem can be formulated in two ways 
either as a Neumann Problem or as a Dirichlet Problem, In 
this chapter, numerical solution of the torsion problems for 
prisms of rectangular and triangular cross-sections, by the 
methods given in Chapter 2, are obtained. These are compared 
with the analytical solutions. The results seem to be very 
encouraging , 


Rectangular Cross-Section - 


The sides of the rectangle are taken to be 2 and 1 ^ 
the origin of the coordinate system at the centre and axis of 
X and y parallel to the sides of the rectangle as shown in 
fig. 8, pp. 86 . The analytical solution of this problem is 
available in the series form [_ 50_7 ? which is as follows. 


V I - ( 4^)- ^ =cs(a3-i).. 

... (99) 


(- 1 ) 


We now give very briefly the computational steps of the two 
methods seperately. 


First Method - 

The values of erg., are to be obtained from the following 
system of linear equations 


|(x| . yf ) = 


N 

Z 

k=l 


k 


^k+l/2 
f log 

\^l/2 



dq 




( 100 ) 

1 
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where are the coordinates of the nodal points 

i = on the boundary. Approximation (41) was used for 

evaluating the integrals in (100) and then the system was solved 
by Gauss elimination method. The values of c% as shorn in Table 
No,41,pp. 104 jwere substituted in (88) , which in the new 
notation is 

N Vl/2 

H" (P) = - T or / log Iq-P Idq ... (101) 

Vl/2 ' 

The positive quadrant was covered by square net of side .1 and 
was computed at each of these grid points (fig.l0,pp, iOX, ) . 

The number of nodal points that were taken on the boundary was 
N, where N = 12,24,36 and 48 successively. The rate of conver- 
gence of with this method is given in Table No,42,pp. i05. 
The maximum error at any point for N = 48 is .52 % . 

Second Method - 

The same results were obtained by the Second Method also . 
In this case the values of are the solutions of the following 
system of linear equations. 

9 P N 

it(x^+ ... (102) 

k^ i 

All the symbols involved in these equations have already been 
explained earlier. Computed values of /z’s for above mentioned 
values of N are shown in Table No.43,pp. i0 8. Values of 'V (P) 
are obtained from (92) which in the present notation is 
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1 ^ 

The values of were computed again at all those points where 
they were computed by First Method, and are given in Table No. 44, 
pp. 109 ,for different values of N described earlier. This 
table also indicates the rate of convergence of by this 
method. The maximum error for N = 48 at any of these points 
is .10 X , Stress function which is defined as follows. 

•^ = - i 

where r is the distance of a boundary point from the origin 
in the plane of the cross-section, was computed at all the 
lattice points of the net in the positive quadrant for N = 48. 
Curves given by'Vj' = const., known as lines of shearing stress 
are drawn in fig .10, pp. , 

Equilateral Triangular Cross- Section - 

This problem was also done by both the methods. Analy- 
tical solution of this problem is available £ 50_J , If the 
cross-section is an equilateral triangle of altitude 3a, is 
given by 

V (x,y) = - -1^ (x^ - 3xy^)+ ^ ... (104) 

For numerical computation we took a = , so that each side 

is of length 2. 
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First Method - 

In this case also the contour length was divided into 
12,24,36 and 48 equal intervals successively. The values of 
o-^ were obtained from (100) , after substituting appropriate 
values of the nodal points and end points of the intervals, and 
then using approx mat ion (41) . These values appear in Table 
No.45,pp. 112/. One half of the cross-section about the axis 
of symmetry was covered by a triangular net and was computed 
at all the lattice points of the net (f ig,12 ,pp , 10 5 ) for values 
of N mentioned above. These values are given in Table No. 46, 
pp. 113 along with the error at each point for different values 
of H. The maximum error at any point for N = 48 is .65 '/, 

Second Method - 

With the coordinates of the end points and nodal points 
already known, the values of 'wei'e computed from (102) as 
shown in Table No.47,pp. 116 and then substituted in (103) to 
find (P) at all grid points described above. Values of 0^ 
in (102) and of Q! in (103) for N = 12 are shown in Fig .Nos. 

J 

11 and 12, pps . i03 . The error in the value of H' at any 
point of the net for values of N mentioned above can be found 
from Table No. 48, pp.liV . The maximum error at any point 
for N = 48 is .43 i, . 

The maximum percentage error in these two problems show 
that the results are almost identical by First and Second 
Methods, but perhaps the Second Method is slightly better. 
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Complete calculation work for these prohlems was done in a 
single autocode programme, run on the Russian Computer MINSE-2. 
Autocode programmes for the case of the triangular cross- 
section hy both the methods separately are given in Appendix IV , 




Y 






IG. 11- ANGLES SUBTENDED BY ^ 


DIFFERENT INTERVALS OF 


THE BOUNDARY FOR N = 12 


AT ONE OF THE NODAL POINTS 




im 


RG. 12- ANGLES_.SUBIENDEB^BY__DiF£E^ L 

THE boundary for N=12 at ome of the lattice 
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Table Mo, 41 

TORSION PROBLEM FOR RECT4NGLE 
Computed Values of or- 


N = 12 



.6501155 

.5298066 

.1539484 

.6501154 

. 5298066 

, 1539484 

ll 



.4940400 

. 9250590 

.8235747 

. 1882329 

. 2296635 

.3189098 

.4940400 

.9250591 

.8235746 

.1882329 

. 2296635 

.3189098 

N = 36 



.5124586 

.5760000 

1.0923870 

.2513018 

. 2126460 

.1952068 

,3228613 

.4363834 

1.0044400 

. 5124586 

, 5760000 

1.0923870 

,2513019 

, 2126460 

.1952068 

.3228613 

.4363835 

1,0044400 

00 

n 



. 5136566 

. 5580346 

.6482793 

,4004918 

. 3157195 

,2627165 

. 1983774 

, 2080747 

,2286179 

. 5256420 

1,1398300 

1.2194240 

. 5136566 

.5580347 

.6482793 

.4004918 

,3157195 

. 2627165 

.1983774 

,2080748 

.2286179 

.5256420 

1.1398290 

1.2194240 


.1539484 

.5298066 

.6501155 

.1539484 

.5298066 

.6501155 

.3189098 

. 2296635 

.1882329 

,8235747 

.9250590 

.4940400 

,3189099 

,2296635 

.1882329 

.8235747 

.9250591 

,4940400 

1.0044400 

.4363835 

.3228613 

.1952068 

.2126460 

.2513018 

1.0923870 

.5760000 

.5124586 

1.0044400 

.4363835 

,3228613 

.1952069 

.2126459 

.2513019 

1.0923870 

,5760001 

. 5124585 

1,2194240 

1,1398300 

, 5256419 

,2286179 

.2080747 

.1983774 

,2627165 

.3157195 

.4004917 

.6482793 

, 5580346 

,5136567 

1.2194240 

1,1398300 

.5256420 

, 2286179 

,2080747 

.1983774 

.2627165 

,3157195 

.4004918 

.6482794 

.5580345 

. 5136567 
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Table No . 4?; 

TORSION PROBLEM FOR RECTANGLE 
Computed Values of 


N > 12 

.7909926 . 3094295 

,7909926 ,3094295 

N = 24 

.7236394 .7913501 

-.1496442 -.0445960 

.7236394 .7913502 

-,1496442 -.0445960 

N = 36 

.7122499 ;7423412 

-.0134327 -.1072476 

.1287582 .3202039 

.7122499 .7423412 

-.0134327 -.1072476 

.12 87582 . 3202039 

N = 48 

.7080194 .7252595 

.2444249 .1098973 

-.1550023 -.12 88253 

,4066801 .5952637 

.7080194 .7252596 

.2444249 .1098973 

-.1550023 -.12 882 53 

.4066801 .5952637 


-.1208199 -.1208199 

-.1208199 -.1208199 


.4921308 .1684519 
.1684519 .4921308 
.4921308 ,1684519 
.1684519 ,49213(?8 


,7875809 . 5597822 

-.1538156 -.1538156 

.5597822 .7875810 

.7875809 .5597822 

-.1538156 -.1538156 

.5597822 .7875809 


.7548406 .7831425 

.0031539 -.0762458 

-.0762458 .0031539 

.7831425 .7548406 

.7548405 .7831425 

.0031539 -.0762458 

-.0762458 .0031559 

.7831425 .7548406 


.5094295 .7909926 

.3094295 .7909926 


.0445960 -.1496442 

.7913501 .72 36394 

.0445960 - .1496442 

.7913502 .7236394 


.3202039 .1.^87582 

.1072476 - .0134327 

.7423412 ,7122499 

.3202039 .1287582 

.1072476 -.0134327 

.7423412 .7122498 


.5958637 .4066801 

-.1288253 -.1550023 

.1098973 .2444249 

.7252595 .7080194 

.5952637 .4066801 

-.1288253 -.1550023 

,1098973 .2444249 

.7252596 .7080194 
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N ~ 12 

. 1082295 
.5059800 

N = 24 

. 1368034 
. 1862622 
.8004660 
.2816941 

N = 36 

.1423724 
.9897468 
.1423724 
.9897468 
.1423725 
.9897469 

= 48 

. 1451302 
*4852100 
.2205616 
.1813862 

1.1360700 
.1569319 
.2786876 
.3671702 


Table Kfo. 45 

TORSION PROBLEM FOR EQIIILA.TER4L TRIA.NGLE 
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Table No. 47 

TORSION PROBLEM FOR EQUILATERAL TRIANGLE 
Computed Values of fii 


N = 12 


.0997046 

.5139147 

.5139147 

.0997048 

.0997048 

.5139147 

.S139147 

.0997048 

.0997048 

.5139146 

.5139147 

.0997048 

N = S4 

.0616342 

.1681329 

,3684782 

.6366221 

.6366221 

.3684782 

.1681729 

.0616341 

.0616342 

.1681329 

.3684782 

,6366222 

.6366221 

.3684782 

.1681329 

.0616349 

.0616341 

.1681329 

,3684782 

.6366221 

,6366221 

.3684782 

,1681329 

,0616341 

N = 36 

.0545823 

.102 4658 

.1958863 

.3296841 

.4944653 

.6761150 

,6761149 

.4944653 

.3296841 

,1958863 

.102 4657 

,0545823 

.0545823 

.1024657 

.1958863 

.3296842 

.4944653 

.6761141 

.6761151 

,4944655 

.3296842 

,1958863 

.1024658 

,054582 3 

.0&45823 

.1024657 

,1958363 

.3296841 

.4944653 

.6761149 

.6761150 

.4944653 

,3296841 

,1958863 

.1024658 

.0545823 

N = 48 

.0536005 

.0805740 

.1338360 

.2118724 

.3121810 

.4308746 

.5617047 

.6959008 

.6959477 

.5617854 

.4309866 

.3123250 

.2120555 

,1340556 

.0808411 

.0539220 

.0540038 

.0810593 

.1343330 

.2122817 

.3124009 

.4308293 

.5613521 

.6952143 

.6943490 

.5598764 

.4288283 

.3099543 

,2094905 

.1313212 

,0779530 

-.0009744 

.0509213 

.0779821 

.1313680 

.2095520 

.3100252 

,4288999 

.5599346 

•.6943732 

.6950706 

,5611206 

.4305067 

.3119288 

,2118351 

■.133S750 

.0806299 

,0536259 
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CHAPTEE 7 

TOESION PROBLEM POE GROOVED CIRCULAR SHAFT 

The torsion problem for rectangular and equilateral 
triangular cross sections were done by numerical methods provi- 
ded earlier. The results were compared from the analytical 
results which are available. The problem of notches, slots or 
grooves are technically important and in the next chapter two 
such problems, for which no solution is available, will be 
solved. To provide confidence in the results it appears nece- 
ssary to solve a problem of a notch, where analytical solution 
is available. This relates to the problem of a notch done by 
C, Weber 50_J . The boundary of the cross-section of the shaft 

is made up of the arcs of the two circles : r = b and r=2a cos 0 
(fig,13,pp . 1J14) . For attempting the problem numerically it is 
necessary to fix the values of a and b. Two cases where 
a : b = 4 : 1 and a : b = 8 j 1 were studied separately. Both 
the methods were applied to solve these problems. We shall 
give only necessary steps of both the methods in one case only, 
where a : b = 4 J 1. 

First Method - 

The method followed to solve the problem is essentially 
the same as in the case of the problems done in the last chapter. 
But this time one has to be careful to provide enough points on 
the notch so as to approximate the curve properly by these 
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boundary points. Thus we have taken 2 and 4 points successively 
on the notch, and since we have taken the length of all the 
intervals to be equal, the total number of points turn out to be 
IS and 36 respectively. It may however be mentioned that it is 
not necessary to take all intervals to be equal, but we have 
kept them equal in conformity with the method given for problems, 
done earlier . 


As usual the values of are obtained from (100) which 
for the purpose of numerical computation in this case reduces to 


gCx^+y^) = - 


- 8m %+l/2 10m '•k+l/s 

^ f 1oe| (j-q^dq + S % f loglq'-qi l^q' 


18m 
+ 2 
k=10m+l 


°k 


^k+V2 

f log I q-q^ I dq 

Vl/2 


... (104) 


where 2 m is the number of nodal points on the notch^ (x^,y^) are 
coordinates of the nodal point q^,i=:l,2, . ,N. For convenience 
of numerical work we have replaced q by q* for a point if it lies 
on the notch. To evaluate the integrals in (104) , approximation 
(42) is to be used. It may be noted here that the value of the 
radius of curvatdre in (42) is to be changed according to the 
position of the point q and that is why we have distinguished q’ 
from q. Values of 0 |. thus obtained are shown in Table No. 49, pp. 
±Z6, The value of ^ at any point P inside the contour is 
computed after substituting the values of in (101) , One half 
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of the cross-section about the axis of symmetry was covered by 
a square net of side ,25 (fig,14,pp, 12-4) and was computed 
at each point of it. The analytic value of ^ ZT 50_7 was cal- 
culated at all these points from the following known expression. 

2 2 

^ (x,y) = a(x- - p— - Q )+ |- ... (105) 

The proner values of a and b are to be substituted in the above 
formula. The error at different points for values of N = 36 is 
shown in Table No,50,pp, 15,7. The maximum error at any point 
for N = 36 is about 18 /, . Sven though the value of was 
found to be fastly converging as N increases from 18 to 36, but 
still higher values of N could not be taken because of the 
limited capacity of the computer. 

Second Method - 

To make the comparative study further, of the two 
methods this problem was also solved by Second Method. In this 
case the values of /u^ are to be obtained from (102) . These 
values appear in Table No. 51, pp. 15,6. The fixed line was 
taken as the tangent to the curve at the point p. Then to find 
at any point P, formula (103) was used. Value of was comp- 
uted at all points of the cross-section mentioned earlier and shown 
in Table No, 52, pp. 150. The maximum error at any point for 
N = 36 is 5.6 'L . Here also converges fastly as N increases 
from 18 to 36. The stress function also computed fcr 

N = 36 and a few lines of shearing stress are drawn as shown 
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in fig. 15 ,pp .fils’ . 

Similar calculations by both the methods were done for 
another case where a : b = 8 : 1, to find out the effect on 
the accuracy of the methods as the size of the groove decreases. 
The values of and , obtained by First Method are given 
in Table Nos. 53 and 55, pps. i53j 13^ respectively . The maxi- 
mum error in y at any point for H *= 36 is 8,4 Similarly 
the values of and by Second Method are shown in Table 
Nos. 54 and 56, pps . 15 3, IS 7 respectively and the maximum 
error in S' at any point for N r 34 is 4.8*/. From the per- 
centages of error by both the methods it seems that the accu- 
racy improves as the size of the notch reduces. Apart from 
this the maximum error by Second Method remains less than that 
of First Method irrespective of the size of the notch. Entire 
computational work was done on the Russian Computer MINSK-2 
where facility for doing computations only upto 7 significant 
digits is available. Autocode programmes for the First Method 
when a : b = 4 J 1 and for the Second Method when a J b = 8 : 1 
are given in Appendix V, 






SH PARING STRESS IN .0^ 
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TORSION PROBLEM FOR CIRGUL'ffi CROSS-SECTION WITH k 
CIRCULMl NOTCH (a:b = 4tl) 

Table No» 49 

Computed Values of o- for N = 36 


.1695262 

.1489002 

.1083235 .0491246 

-.0267568 

-.1168302 

-.2181382 

-.3273367 

-.4408076 -.5547523 

-.6652920 

-,7685261 

8604828 

-.9376194 

-.9850460 -1,1528440 

-.7594455 

-,7874400 

-.7874404 

-.7594451 

-1.1528440 -.9850457 

-.9376194 

— . 86048 29 

-.7685262 

-.6652918 

-.5547527 -.4408074 

-.3273366 

-.2181381 

-.1168306 

-.0267564 

,0491245 .1083233 

.1489002 

.1695262 


T able No« 51 

Computed Values of for N = 36 

12*084020 11,824530 11,313970 10,568070 9*613729 8.479304 

7,202551 5,824923 4*391087 2.947430 1,540442 0.214934 

-0.987734 -2.033110 -2.899886 -3.602048 -5.758908 -6,725574 

-6,725574 -5,758989 -3,602048 -2,899886 -2,033110 -0,987734 

0,214984 1,540442 2,947430 4.391087 5.824923 7,202552 

8,479303 9,613730 10.568960 11.313980 11,824530 12,084020 
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Table No. 50 

T0RSICN_PR0BLEM for CIRGI3L.\R CROSS-SECTI^W k CIRCT3L\R 

NCTGH (a:b = 4:1’) FOR N = a6 BY FIRST METHOD 


Coordinates 

of the 

llnalytic value 

Computed value 

Absolute 

point 

P 

of 

of ^ 

error 

X 





1.25 

0.00 

2.2250000 

2.2256830 

0.0006830 

1.50 

0.00 

2.7916660 

2. 7922040 

0,0005380 

1.75 

0.00 

3.3392850 

3.3397480 

0.0004630 

2.0C 

0.00 

3.8749990 

3.8753890 

0.0003900 

2,25 

■o.co 

4.4027770 

4,4030780 

O.nonsc 10 

2.50 

c.oo 

4.9250000 

4.9251950 

0,0001950 

2.75 

0;00 

5.4431810 

5.4432570 

0000758 

3.00 

O.'CO 

5.9583330 

6.9682760 

0,0000570 

3.25 

0.00 

6.471153C 

6,4709540 

O.0O01990 

3.50 

0,00 

6.9821420 

6.9817910 

^,^003510 

3.75 

o.co 

7.4916660 

7.4909480 

0.000718^ 

1.00 

n ^ 25 ’ 

1.6544110 

1.6549330 

0,^005220 

1.25 

0.25 

2.2403840 

2.2409380 

0.00 05540 

1.50 

0.25 

2.8006750 

2.8011910 

0,0005160 

1.75 

0.25 

3^3450000 

3.3454650 

0,0004650 

2. CO 

0.25 

3.8788460 

3,8792430 

0, '-'003970 

2. 25 

0.25 

4.4054870 

4.4057960 

0,0003090 

2.50 

0.25 

4.9269800 

4.9271830 

0,0002030 

2. 75 

0.25 

5.4446720 

5.4447540 

0,0000820 

3.00 

0.25 

5.9594820 

5.9590000 

0.0 004820 

3.25 

0.25 

6.4720580 

6,4718640 

0,0001940 

3,50 

0.25 

6.9828680 

6.9825200 

0.0003480 

3.75 

0.25 

7.4922560 

7,4917040 

0.0005520 

1.0 0 

0.50 

1.7250000 

1,7251000 

o.oooiooo 

1.26 

0.50 

2.2801720 

2,2806020 

0,0004300 

1.5C 

^>,50 

2.8250000 

2.8255060 

0,0005060 

1.75 

0.50 

3,3608490 

3.3613370 

0,0004880 

2,00 

0.50 

3.8897050 

3.8901310 

r. 0004260 

2, 25 

0.50 

4.4132350 

4,4135700 

0,000335'' 

2,50 

0.50 

4.9326920 

4,9329170 

0.0 0022 5'' 

2.75 

C.50 

5.4490000 

5.4491O00 

o.OOOlooo 
Coi\TTD. . . 
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50 _ ) 


3.00 

0.50 

5.9638370 

3. 35 

0.50 

6.4747100 

3. 50 

0. 50 

6,9849990 

3.75 

0.50 

7.4939950 

0.75 

0.75 

1.3916660 

1.00 

0.75 

1.8050000 

1.35 

0.75 

3308830 

1. 50 

0.75 

3.8583330 

1.75 

0.75 

3.3836200 

o 

o 

« 

0.75 

3.9058310 

3. 35 

0.75 

4,45550000 

3.50 

0.75 

4.9415130 

3.75 

0.75 

5.4557690 

3.00 

0.75 

5.9681370 

3.25 

0.75 

6,4789330 

3.50 

0.75 

6.9884140 

3.75 

0.75 

7.4967940 

0,50 

1.00 

0.9350000 

0.75 

1.00 

1.3849990 

1. 00 

1.00 

1.8750000 

1.35 

1.00 

3.3810970 

H 

m 

cn 

o 

1.00 

3,8943300 

1.75 

1.00 

3.4096150 

3,00 

1.00 

3.9350000 

3. 35 

1.00 

4.43943550 

3.50 

1.00 

4.9585860 

3.75 

1.00 

5.4644160 

’3.00 

1,00 

5.9750000 

3.25 

1.00 

6,4844590 

3.50 

1.00 

6. 9929340 

0.50 

1.25 

0.9870689 

0.75 

1.35 

1.4485890 

1.00 

1.36 

1.9298780 

1.25 

1.85 

2.4349990 

1.50 

1.85 

2.9282780 


5.9638010 

0.0000360 

6.4745380 

0.0001820 

6,9846640 

0.0003350 

7.4942400 

0.0003450 

1. 3915300 

0.0001360 

1.8053040 

0.0003040 

2.3313980 

0.0005160 

3.8589090 

0.0005760 

3.3841710 

0.0005610 

3.9063010 

0.0004800 

4.4253800 

0.0003800 

4.9417760 

0. 000^5630 

5.4559000 

0.0001310 

5.9681-560 

0,0000110 

6.4787700 

0.0001630 

6.9881300 

0. 0003 S 40 

7.4950500 

0.0017440 

0,9378946 

0.0028946 

1, 3856660 

0.0006670 

1.8757330 

0.0007330 

8.3818500 

0.0007530 

3,8949560 

0.0007350 

3.4103720 

0.0006570 

3.9255600 

0.0005600 

4.4398760 

0.0004440 

4.9528990 

0.0003130 

5 ,4645870 

0,0001710 

5,9750310 

0. 0000^510 

6.4843300 

0.0001^590 

6.9934710 

0.0004530 

0.9109175 

0.0671514 

1.4513980 

0.0038690 

1.9310280 

0.0011500 

2.4260400 

0.0010410 

2,939194« 

0.0009160 
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Table Mo.Sn (nnHTn.'i 


’ 1,75 

1.25 

3.4358100 

3.4366020 

0.0007920 

2.00 

1.25 

3.9452240 

3.9458850 

0. 0606610 

2,25 

1.25 

4.4551880 

4.4557090 

0 . 000521 C 

2.50 

1.25 

4.9650000 

4.9653730 

0.0003730 

2.75 

1.25 

5.4743150 

5.4745360 

0.0002210 

3.00 

1.25 

5.9829880 

5.9830540 

0.0000660 

3.25 

1.25 

6.4909790 

6.4907760 

0.0002030 

3.50 

1.25 

6.9983030 

6.9974260 

0.0008770 

0.75 

1.50 

1.4916660 

1.4205370 

0.0711290 

1.00 

1.50 

1.9711530 

1.9752180 

0.0040650 

1.25 

1.50 

2.4610650 

2.4623300 

0.0012650 

1.50 

1.50 

2.9583330 

2.9594170 

0.0010840 

1.75 

1.50 

3.4602940 

3.4612250 

0.0009310 

2.00 

1.50 

3.9650000 

3.9657680 

0,0007680 

2.25 

1.50 

4.4711530 

4.4717610 

0.0006080 

0,50 

1.50 

4.9779410 

4.9783920 

0.0004510 

2.75 

1.50 

5.4848720 

5.4851570 

0.0002850 

3.00 

1.50 

5.9916660 

5.9913500 

0,0003160 

3.25 

1.50 

6.4981700 

6.5008820 

0.0027120 

1.25 

1.75 

2.4898640 

2.5030560 

0,0131920 

1.50 

1. 75 

2.9838230 

2,9852190 

0.0013960 

1.75 

1.75 • 

3.4821420 

3,4822670 

0,0001250 

2.00 

1.75 

3.9834070 

3.9842150 

0.0008080 

2.25 

1.75 

4.4865380 

4.4878220 

0.0012840 

2 . 5 C 

1.75 

4.9907710 

4.9917840 

0.0010130 

2.75 

1.75 

5.4955880 

5.4900240 

0.0055640 

0.75 

0.00 

0.9583333 

0.9638432 

0.0055099 

0.50 

0.25 

0.3249999 

0.3056583 

n . 0193416 

0.75 

0.25 

1.0250000 

1.0238220 

0.0011780 

0.25 

0.50 

0 . 2249999 

0.1825041 

0.0424958 

C .50 

0.50 

0.6250000 

0.6251131 

0 . one 1131 

0.75 

0.50 

1.1634610 

1.1627950 

r -, 0006660 

0. 25 

0.75 

0 . 42500 CO 

0.4341054 

o . 0091054 

0.50 

0.75 

, 0.8173076 

0.8161102 

0.0011974 

1.00 

0,00 

1,6249990 

1.6262710 

0.0012720 
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Table no, 52 

TORSION' PROBLEM FOR GIHGUL\R CROSS-SECTION WITH j CIRCTTL^R 
NOTCH (a;b = 4:1) FOR H = 36 BY SECOND J'fE^OD 


orlinatos 

point 

X 

of the 

P 

Y 

Analytic value 
of ■!{) 

Computed value 
of 

A.bsolute 

error 

1.85 

0.00 

8.8249990 

2. 8327660 

0.0077670 

1.50 

0.00 

8.7916660 

2.7973050 

0.0056390 

1.75 

0.00 

3.3398850 

3.3432470 

0.0039680 

8.00 

0.00 

3.8749990 

3.8775440 

0.0085450 

8.85 

0.00 

4.4027770 

4.4040720 

0.0012950 

8.50 

0.00 

4.9850000 

4.9251610 

0.0001610 

8.75 

0.00 

5.4431810 

5.4488920 

0.0008890 

3.00 

0.00 

5.9583330 

5.9564560 

0.0018770 

3.25 

0.00 

6.4711530 

6.4683360 

0.0028170 

3.50 

0.00 

6.9881480 

6. 9784190 

0.0037830 

3.75 

0.00 

7,4916660 

7.4867110 

0.0049550 

1.00 

0.85 

1.6544110 

1.6641290 

0.0097180 

1,25 

0.85 

8.8403840 

2,8477420 

0.0073580 

1. 50 

0.25 

8.8006750 

2.8061090 

0.0054340 

1.75 

0.25 

3.3450000 

3.3488380 

0.0038380 

2.00 

0.85 

3.8788460 

3.8813090 

0.0024630 

2.25 

0,25 

4.4054870 

4,4067260 

0.0012390 

2.50 

0.85 

4.9269800 

4.9871000 

0.0001200 

2.75 

0.25 

5,4446720 

5.4437520 

0.0009200 

3.00 

0.25 

5,9594820 

5.9575810 

0.0019010 

3.25 

0.25 

6.4720580 

6.4692^^20 

0.0028360 

3.50 

0.85 

6.9828680 

6.9791300 

0.0037378 

3.75 

0.25 

7.4922560 

7.4879890 

0.0042670 

1.00 

0.50 

1.7250000 

1.7331090 

0.0081090 

1.25 

0.50 

8.2801720 

2,2866370 

0.0064650 

1.50 

0.50 

2.8250000 

2.8299070 

0.0049070 

1.75 

0.50 

3.3608490 

3.3643520 

0.0035030 

2.00 

0,50 

3.8897050 

3,8919420 

0.0022370 

8.25 

0.50 

4.4132350 

4.4143130 

0.0010780 

2.50 

0.50 

4.9326920 

4.9326940 

0.0000020 

0 -nc 

n c;ri 

5.4490000 

5,4479910 

0.0010090 



Table No. 52 (GOTO. ) 


3.00 

0,50 

5.9628370 

3.^5 

0.50 

6.4747100 

3.50 

0.50 

6,9849990 

3.75 

0,50 

7.4939950 

0.75 

0.75 

1.2916660 

1.00 

0.75 

1.8050000 

1.25 

0.75 

2.3308820 

1.50 

0.75 

2.8583330 

1.75 

0.75 

3.3836200 

2.00 

0.75 

3.9058210 

2.25 

0.75 

4.4250000 

2.50 

0.75 

4.9415130 

2.75 

0.75 

5.4557690 

3.00 

0.76 

5.9681370 

3.25 

0.75 

6.4789320 

3.50 

0.75 

6.9884140 

3.75 

0.75 

7.4967940 

0.50 

1.00 

0.9250000 

0.75 

1.00 

1. 3849990 

1.00 

1.00 

1.8750000 

1.25 

1.00 

2.3810970 

1,50 

1.00 

2.8942300 

1.75 

1,00 

3,4096150 

2.00 

1.00 

3,9250000 

2.25 

1.00 

4.4394320 

2.50 

1.00 

4.9525860 

2.75 

1.00 

5.4644160 

3.00 

1.00 

5.9750000 

3.25 

1.00 

6.4844590 

3.50 

1.00 

6.9929240 

0,50 

1.25 

0.9870689 

0.75 

1.25 

1,4485290 

1.00 

1,25 

1,9298780 

1.25 

1.25 

2.4249990 

1.50 

1.25 

2.9282780 

1.75 

1.25 

3.4358100 


5.9608680 

0.0019690 

6.4718200 

0.0028900 

6.9812390 

0.0037600 

7.4909140 

0.0030810 

1.2996700 

0.0080040 

1.8116830 

0.0066830 

2.3363260 

0,0054440 

2. 8625490 

0.0042160 

3,3866 500 

0.0030300 

3,9077240 

0.0019030 

4.4258350 

0.0008350 

4,9413340 

0.0001790 

5.4546210 

0.0011480 

5,9660590 

0.0020770 

6.4759550 

0.0029770 

6.9847440 

0.0036700 

7.4757770 

0.0210170 

0.9278674 

0.0028674 

1.3907520 

0.0057 520 

1.8802370 

0.0052370 

2.3855190 

0.0044220 

2,8977100 

0.0034800 

3.4121100 

0.0024950 

3.9265070 

0.0015070 

4.4399710 

0.0005390 

4.9521800 

0.0004060 

5.4630910 

0,0013250 

5.9727810 

0.0022190 

6.4814360 

0.0030230 

6.9855370 

0.0073870 

1,0000160 

0.0129471 

1,4525370 

0.0040080 

1.9338920 

0.0040140 

2.4285140 

0 . 0035150 

2.9310590 

0.0027810 

3.4377680 

0,0019580 
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Table «o. 58 (GOTO, 'i 


9 ,, CO 

1. 25 

3.9452240 

3.9463180 

0.0010940 

2.25 

1.25- 

4,4551880 

4.4554040 

0.0002160 

2.50 

1.25 

4,9650000 

4.9643400 

0.0006600 

2.75 

1.25 

5.4743150 

5.4727920 

0.0015230 

3.00 

1.25 

5.9829880 

5.9806130 

0.0023750 

3.25 

1.25 

6.4909790 

6.4861220 

0.0048570 

3.50 

1.25 

6.9983030 

7.0577200 

0.9594170 

0.75 

1.50 

1.4916660 

1.5054460 

0.0137800 

1.00 

1.50 

1.9711530 

1.9765200 

0.0053670 

1.25 

1.50 

2.4610650 

2,4633730 

0.00 23 0 80 

1.50 

1.50 

2,9583330 

2.9604830 

0.002150^ 

1.75 

1,50 

3.4602940 

3.4617620 

0,0014680 

2.00 

1.50 

3.9650000 

3.9657000 

0.0007000 

2.25 

1.50 

4.4711530 

4.4710610 

0.0000920 

2* 50 

1.50 

4.9779410 

4,9770470 

0.0008940 

2.75 

1.50 

5.4848720 

5.4827680 

0.0021040 

3.00 

1.50 

5.9916660 

5.9876370 

0.0040290 

3.25 

1.50 

6.4981700 

6,5712290 

0,0730590 

1.25 

1.75 

2.4989640 

2.5116210 

0.0217570 

1.50 

1.75 

2.9838230 

2.9771050 

0.0067180 

1.75 

1.75 

3.4821420 

3.4826830 

0,0005410 

2.00 

1, 75 

3,9834070 

3.9858230 

0.0024160 

2.25 

1.75 

4.4865380 

4.4877960 

0.0012580 

2. 50 

1.75 

4.9907710 

4.9823800 

0 .0083910 

2,75 

1.75 

5.4955880 

5,4852330 

0. 0103550 

0.75 

0.00 

0.9583333 

0.9766523 

0.0183190 

0.50 

0.25 

0.3249999 

0.3062893 

0.0187106 

0.75 

^.25 

1.0250^^00 

1,0363600 

0.0113600 

0,25 

0.50 

0.2249999 

0.2187278 

0,0062721 

0.50 

0.50 

0,6250000 

0.6451393 

0.0201393 

0,75 

0.50 

1, 1634610 

1,1732300 

0.0097690 

C,' . 25 

0,75 

0,4250000 

0,4105112 

0.0144888 

C'i 50 

0.75 

0,8173076 

0,8261384 

0.0 088308 

1,00 

o.CO 

1,6249990 

1.6359180 

0,0109190 
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TORSION PROBLEM FOR CIRCULAR CROSS-SECTION WITH i 
CIRCULAR NOTCH (a:b = 8:1) 

Table No, 53 

Computed Values of cr for N = 34 

.1737304 .1512557 .1071037 .0428417 -.0392496 -.1362546 

-.2447270 -.3608080 -.4803625 -.5991158 -.7127904 -.8172270 

-.9084095 -.9825481- -1.0302770 -1.0931100 -.7564157 -.7564157 

-1,0931100 -1.0302770 -,9825482 -,9084096 -.8172270 -.7127905 

-.5991153 -.4803627 -.3608082 -.2447270 -.1362545 -.0392494 

.0428414 .1071040 .1512555 .1737304 


Table No. 54 

Computed Values of ^ tor N - 34 

11.710310 11.155810 

5.277407 3.774330 

-2.590763 -3*315623 

-3*315623 -2.590763 

3.774329 5,277407 

11.155810 11.710310 


10,348700 
2. 280244 
-3.780228 
-1.631337 
6.736211 
11.992570 


9.317601 

0.848101 

-5.373866 

-0.471346 

8,099042 


8,099042 

-0,471346 

-5^373866 

0.848101 

9.317600 


11.992570 

6,736212 

-1.631337 

-3,780228 

2,280244 

10,348700 
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Table No. 55 

TORSION PROBLEM FOR CIRCULAR CROSS-SECTION T/fITH A. GIRCTTL^R 
NOTCH (a:b = 8tl^ FOR N = M BY FIRST METHOD 


Coordinates 

point 

X 

of the 

P 

Y 

A.nalyt^c value 
of ^ 

Computed value 
of tl) 

ihsolute 

error 

1,25 

0.00 

2.4312500 

2.4346610 

0.0034110 

1.50 

0.00 

2.9479160 

2.9506230 

0.0027070 

1.75 

0.00 

3.4598210 

3.4619950 

0.0021740 

2.00 

0,00 

3.9687500 

3.9704820 

0,0017320 

2.25 

0.00 

4,4756940 

4.4770420 

0.0013480 

2.50 

0.00 

4.9812490 

4.9822480 

0.0009990 

2.75 

0.00 

5,4857950 

5.4864700 

0.0006750 

3.00 

0.00 

5.9895830 

5.9899530 

0.0003700 

3. 25 

0.00 

6.4927880 

6.4928660 

0.0000780 

3.50 

0.00 

6,9955350 

6.9953310 

0.0002040 

3.75 

0,00 

7,4979160 

7.4971690 

0.0007470 

l.OC 

0.25 

1.9136020 

1.9176830 

0.0040810 

1,25 

0,25 

2.4350960 

2.4383450 

0.0032490 

1.50 

0,25 

2.9501680 

2.9527970 

0,0026290 

1.75 

0.25 

3.4612500 

3.4633800 

0.0021300 

2.00 

0,25 

3.9697110 

3.9714170 

0,0017060 

2.25 

0.25 

4.4763710 

4.4777020 

0,0013310 

2, 50 

0.25 

4,9817450 

4.9827310 

0,0009860 

2,75 

0.25 

5.4861680 

5,4868340 

0,0006660 

3.00 

0.25 

5.9898700 

5.9902330 

0.0003630 

3, 25 

0, 25 

6.4930140 

6,4930870 

0.0000730 

3.50 

0.25 

6.9957170 

6.9955080 

0.0002090 

3,75 

0,25 

7.4980640 

7.4975980 

0.0004660 

1.00 

0.50 

1,9312500 

1.9345660 

0.0033160 

25 

0,50 

2.4450430 

2.4479300 

0,0028870 

JU • cZjKU 

1. 50 

0,50 

2.9562490 

2.9586850 

0.0024360 

1 75 

0,50 

3.4652120 

3.4672280 

0.0020160 

o nn 

0*50 

3,9724260 

3.9740600 

0.0016340 

U VJ 

0. 50 

4.4783080 

4.4795890 

0,0012810 

O 50 

0*50 

4,9831730 

4.9841240 

0.0009510 

OVj 


c AR72500 

5.4878900 

0.0006400 



i:^5 

Table Mo. 66 (COWTD.') 


3.00 

0.50 

5.9907090 

3 * 25 

0.50 

6,4936770 

3.50 

0.50 

6.9962500 

3.75 

0.50 

7.4984980 

0.75 

0.75 

1.4479160 

l.OC 

0.75 

1.9512500 

1.25 

0.75 

2.4577200 

1.50 

0.75 

2,9645830 

1.75 

0.75 

3.4709050 

2.00 

0.75 

3.9764550 

2. 25 

0.75 

4.4812490 

2.50 

0.75 

4,9853780 

2.75 

0,75 

5,4889420 

3.00 

0.75 

5,9920340 

3.25 

0,75 

6,4947330 

3. 50 

0.75 

6,9971030 

3.75 

0.75 

7.4991980 

0.50 

1.00 

0.9812500 

0.75 

1.00 

1,4712500 

1.00 

1.00 

1.9687500 

1.25 

1.00 

2,4702740 

1,50 

1.00 

2,9735570 

1.75 

1.00 

3.4774030 

2,00 

l.OC 

3.9812500 

2.25 

1.00 

4.4848580 

2.50 

1.00 

4,9881460 

2.75 

1.00 

5.4911040 

3,00 

1,00 

5,9937500 

3,25 

1.00 

6,4961140 

3.50 

1.00 

6,9982310 

0.50 

1,25 

0.9967672 

0.75 

1,25 

1.4871320 

1,00 

1,25 

1,9824690 

1.25 

1,25 

2,4812500 

1,50 

1.25 

2,9820690 

1.75 

1.25 

3,4839520 


5.9910520 

0.0003430 

6,4937350 

0.0000580 

6.9960350 

0.0002150 

7.4989000 

0.0004020 

1.4506500 

0.0027340 

1.9539940 

0.0027440 

2.4602400 

0.0025200 

• 2.9667870 

0.0022040 

3.4727700 

0.0018650 

3.9779860 

0.0015310 

4,4824580 

0,0012090 

4.9862760 

0.0008980 

5.4895420 

0.0006000 

5.9923460 

0.0003120 

6.4947660 

0.0000330 

6.9969020 

0 . 000^010 

7.4962870 

0,0029110 

0.9798631 

0.0013869 

1,4737720 

0.0025220 

1.9711490 

0. 0023990 

2.4725040 

0.0022300 

2,9755440 

0,0019870 

3,4791110 

0.0017080 

3,9826650 

0.0014150 

4,4859800 

0.0011220 

4,9889800 

0.0008340 

5.4916540 

0.0005500 

5,9940^20 

0.0002720 

6,4961240 

0.0000100 

6,9976240 

0.0006070 

1.0177780 

0.0210108 

1.4874860 

0.0003540 

1.9847050 

0.0022360 

2,4832630 

0,002C13C 

2,9838720 

0.0018030 

3.4855130 

0.0015610 
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, Table %. 65 (CONTD. ) 


o,0C 1.^5 

3.98S3060 

2.25 1.25 

4.4887970 

2.50 1.25 

4.9912500 

2>75 1.25 

5.4935780 

3.00 1.25 

5.9957470 

3.25 1.25 

6.4977440 

3.50 1.25 

6,9995750 

0.75 1.50 

1,4979160 

1,00 1.50 

1.9927880 

1,25 1.50 

2,4902660 

1. 50 1. 50 

2.9895830 

1.75 1.50 

3.4900730 

2,00 1.50 

3.9912500 

2.25 1.50 

4.4927880 

2. 50 1. 50 

4,9944850 

2.75 1.50 

5.4962180 

3,00 1.50 

5,9979160 

3.25 1.50 

6.4995420 

0.25 0.25 

0.2812500 

1.25 1.75 

2.4974660 

1.50 1.75 

2.9959550 

1.75 1.75 

3,4955350 

2.00 1.75 

3,9958510 

2.25 1.75 

4,4966340 

2,50 1.75 

4.9976920 

2.75 1.75 

5.4988970 

0.50 0.00 

0.7812500 

0,75 0.00 

1,3645830 

0.50 0.25 

0.8312500 

0.75 0.25 

1,3812500 

0.25 0,50 

0,4312500 

0.50 0.50 

0.9062500 

0,75 0.50 

1,4158650 

0.25 0.75 

0.4812500 

0-50 0.75 

0.9543269 

1.00 0.00 

1.9062500 


3.9876060 

0.0013000 

4.4898290 

0.0010320 

4.9920120 

0.0007620 

5.4940720 

0.0004940 

5.9959840 

0.0002370 

6,4975910 

0.0001530 

7.0006790 

0.0011040 

1,5167040 

0.0187880 

1.9915050 

0.0012830 

2.4922210 

0,0019550 

2,9912640 

0.0016810 

3.4915030 

0,0014300 

3.9924390 

0.0011890 

4.4937270 

0.0009390 

4.9951720 

0.0006870 

5.4967240 

0,0005060 

5.9979370 

0.0000210 

6.5005100 

0.0009680 

0,2575357 

0.0237143 

2.4765770 

0.0208890 

2.9992470 

0.0032920 

3,4977200 

0.0021850 

3.9964840 

0.0006330 

4.4969180 

0.0002840 

4.9995870 

0.0018950 

5,5014070 

0, 0025100 

0,7952787 

0.0141287 

1.3712850 

0.0067020 

0.8367188 

0,0064688 

1.3864660 

0,0052160 

0,4345592 

0,0033092 

n. 90864 89 

0.0 023989 

1.4193060 

0 .00344l<^ 

0.4504682 

0.0307818 

0.9567820 

0.0024551 

1.9107480 

0.0044980 



Table No. 56 


torsion problem for circular cross-section TfJITH k CIRCULAR 
NOTCH (a;b = 8;1) FOR N = 34 BY SECOND METHOD 


Coordinates of the A.aalytic value Computed value 4hsolute 
point P of ^1) of ^ error 

X T 


1,25 

0.00 

2.4312500 

1.50 

0,00 

2.9479160 

1.75 

0.00 

3.4598210 

2.00 

0.00 

3.9687500 

2.25 

0.00 

4.4756940 

2.50 

0,00 

4.9812490 

2,75 

0.00 

5.4857950 

3.00 

0.00 

5,9895830 

3,25 

0.00 

6.4927880 

3.50 

0,00 

6.9955350 

3.75 

0.00 

7.4979160 

1.00 

0,25 

1.9136020 

1.25 

0.25 

2,4350960 

1.50 

0.25 

2.9501680 

1.75 

0.25 

3 ,4612500 

2.00 

0.25 

3.9697110 

2.25 

0.25 

4.4763710 

2,50 

0.25 

4.9817450 

2.75 

0.25 

5,4861680 

3.00 

0. 25 

5.9898700 

3.25 

0,25 

6,4930140 

3.50 

0.25 

6.9957170 

3.75 

0.25 

7.4980640 

1.00 

0.50 

1.9312500 

1,25 

0, 50 

2.4450430 

1.50 

0.50 

2,9562490 

1,75 

0.50 

3,4652120 

2.00 

0.50 

3,9724260 

2,25 

0. 50 

4,4783080 

2,50 

0.50 

4.9831730 

4872500 


2.4407290 

0.0094790 

2.9547730 

0.0068570 

3.4646560 

0.0048350 

3.9719110 

0.0031610 

4.4774010 

0.0017070 

4.9816520 

0.0004030 

5,4849980 

0,0007970 

5.9876650 

0.0019180 

6,4798080 

0.0029800 

6,9915350 

0.0040000 

7,4924800 

0.0054360 

1.9257070 

0,0121050 

2.4440470 

0,0089510 

2.9567470 

0., 0065790 

3.4659200 

0.0046700 

3.9727660 

0.0030550 

4.4780060 

0,0016350 

4,9820950 

0.0003500 

5.4853320 

0.0008360 

5,9879230 

0,0019470 

6.4900110 

0.0030030 

6.9917010 

0.0040160 

7.4936310 

0.0044330 

1,9408700 

0.0096200 

2.4527260 

0.0076830 

2,9621070 

0.0058580 

3,4694370 

0.0042250 

3,9751870 

0,0027610 

4.4797380 

0,0014300 

4,9833750 

0.0002020 

5.4863030 

0.0009470 
nowT’D- . . 
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3.00 

0.50 

3.25 

0.50 

3.50 

0.50 

3.75 

0,50 

0,75 

0.75 

1, 00 

0.75 

1,25 

0.75 

1.50 

0.75 

1.75 

0,75 

2.CC 

0.75 

2,25 

0.75 

2.50 

0.75 

2.75 

0.75 

3.00 

0.75 

3.25 

0.75 

3.50 

0.75 

3,75 

0.75 

0,50 

1.00 

0.75 

1.00 

1.00 

1.00 

1.25 

1.00 

1.50 

1.00 

1.75 

l.CO 

2.00 

1.00 

2. 25 

l.CO 

2.50 

1.00 

2.75 

1.00 

3.00 

1.00 

3.25 

1.00 

3.50 

1.00 

0.50 

1.25 

0.75 

1,25 

1.00 

1.25 

1.25 

1.25 

1.50 

1.25 

1.75 

1,25 


Table No. 56 (CONTD, ) 


5,9907090 

6,4936770 

6,9962500 

7.4984980 

1.4479160 

1.9512500 

2,4577200 

2.9645830 

3.4709050 

3.9764550 

4.4812490 

4.9853780 

5.4889420 

5.9920340 

6,4947330 

6.9971030 

7.4991980 

0.9812500 

1.4712500 

1.9687500 

2.4702740 

2,9735570 

3.4774030 

3.9812500 

4,4848580 

4.9881460 

5,4911040 

5.9937500 

6.4961140 

6,9982310 

0.9967672 

1,4871320 

1.9824690 

2.4812500 

2.9820690 

3.4839520 


5.9886760 

6.4906070 

6.9922190 

7.4942610 

1.4556910 

1.9585960 

2.4639650 

2,9695170 

3.4745140 

3,9787890 

4.4823730 

4.9853530 

5,4878230 

5.9898670 

6.4915580 

6.9929940 

7.4757050 

0.9872078 

1.4771580 

1.9744290 

2.4752440 

2.9775630 

3.4803400 

3.9830900 

4,4856130 

4.9878400 

5.4897660 

5.9914080 

6,4928690 

6.9904140 

1.0235470 

1.4914010 

1,9870330 

2.4851780 

2.9852400 

3.4862360 


0.0020330 

0.0030700 

0.0040310 

0.0042370 

0.0077750 

0.0073460 

0,0062450 

0.0049340 

0.0036090 

0.0023340 

0.0011240 

n, 0000250 

0.0011190 

0,0021670 

0.0031750 

0,0041090 

0.0234930 

0.0059578 

0,0059080 

0.0056790 

0.0049700 

0.0040060 

0,0029370 

0.0018400 

0.0007550 

0,0003060 

0.0013380 

0.0023420 

0,0032450 

0.0078170 

0.0267802 

0.0042690 

0.0045640 

0. 003928c 

O.003l71f' 

0,0022840 
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Table No. 56 (CONTD* ) 


2.00 

1.25 

3.9863060 

3,9876390 

0.0013330 

2. 25 

1.25 

4.4887970 

4.4891560 

0.0003590 

2. 50 

1.25 

4.9912500 

4.9906320 

0.0006180 

2,75 

1.25 

5.4935780 

5.4919930 

0.0015850 

3.00 

1.25 

5.9957470 

5.9933230 

0.0094240 

3 9 25 

1.25 

6.4977440 

6.4916110 

0,0061330 

3,50 

1.25 

6.9995750 

7.0490480 

0.0494730 

0.75 

1.50 

1,4979160 

1.4906440 

0,0072720 

1.00 

1.50 

1.9927880 

1.9939770 

0.0011890 

1.25 

1.50 

2,4902660 

2.4939900 

0,0037240 

1.50 

1.50 

2,9895830 

2.9920260 

0.0024430 

1.75 

1.50 

3,4900730 

3.4917370 

0.0016640 

2.00 

1.50 

3.9912500 

3,9920820 

0.0008320 

2. 25 

1.50 

4.4927880 

4.4927460 

0,0000420 

2.50 

1.50 

4.9944850 

4.9936180 

0.0008670 

2.75 

1.50 

5,4962180 

5,4947720 

0.0014460 

3. CO 

1,50 

5.9979160 

5.9888400 

0.0090760 

3.25 

1.50 

6.4995420 

6,5488440 

0.0493020 

0.25 

0,25 

0.2812500 

0.2805326 

0.0007174 

1.25 

1.75 

2,4974660 

2.4939200 

0.0035460 

1.50 

1.75 

2,9959550 

3.0074520 

0.0114970 

1.75 

1.75 

3,4955350 

3.4947610 

0.0007740 

2.00 

1.75 

3,9958510 

3.9937940 

0.0020570 

2.25 

1.75 

4.4966340 

4.4981420 

0.0015080 

2.50 

1.75 

4,9976920 

5.0043370 

0.0066450 

2.75 

1.75 

5,4988970 

5.4542350 

0.0446620 

0,50 

0.00 

0,7812500 

0.8188047 

0.0375547 

0.75 

0.00 

1.3645830 

1,3846710 

0.0200880 

0.50 

0.25 

0.8312500 

0,8529419 

0.0216919 

0.75 

0.25 

1,3812500 

1.3978010 

0.0165510 

0.25 

0*50 

0.4312500 

0,4302496 

0.0010004 

0.50 

0,50 

0.9062500 

0.9158632 

0.0096132 

0.75 

0.50 

1.4158650 

1,4269520 

0.0110870 

0.25 

0.75 

0.4812500 

0,4850455 

0,0037355 

0.50 

0.75 

0.9543269 

0.9609214 

0.0065945 

1.00 

0.00 

1.9062500 

1.9195510 

0.0133010 
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CHAPTER 8 

TORSION PROBLEM FOR NOTCHED RECTANGULAR CROSS-SECTION 

In this chapter two torsion problems, for which the 
analytical solutions do not seem to exist are solved. Both 
problems were done by First and Second Methods. It is thought 
that the values of conjugate torsion fimction in a given 
actual case will be similar to those obtained here . 

¥e have taken a rectangular cross-section of sides 
2X1. As a first example the notch is on one of the larger 
sides, is symmetrically situated and is rectangular in shape. 

The size of the notch is ,4 X .2 as shown in fig. 16,pp.i^3. 

The coordinate system is also shovjn in the same figure. Two 
checks were employed to ascertain the value of , First the 
problem was done by First Method, taking 16,32 and 48 nodal 
points successively on the boundary. The values of obtained 
are given in Table No. 59,pp. ISTO . It appears that the 
results are convergent and perhaps the true value of M-' is near 
to the value obtained for I = 48. The same results were then 
obtained by Second Method for the same values of N and are 
shown in Table No. 60, pp. 155 . It turns out that the values of 
by First and Second Method for N *= 48 are almost identical in 
first two places as shown in fig. 18, pp. 144. Maximum difference 
being about 2 f. . This is also attributed for small number of 
nodal points and also to the computer available, where computa- 
tion only upto seven significant figures could be done. 
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The lines of shearing stress are also drawi in this 
case and are shovjn in fig. 19, pp. 145-. The stresses T 
^ZJ computed from the following formulae : 

= li ^ ...(107) 

0 0 

where the values of and ^ in the above expressions are 
to he approximated by its proper difference formulae. The 
value oC maximum shearing stress is given by 

'T = ('('2X *“ 

These values were also computed for N = 48 at all grid points 
shown in fig,17,pp. 145 and are given in Table Nos, 59 and SO, 
pps . 150 , 155 . 

As a second example we have again taken the rectangular 
cross-section of sides 2X1 with a symmetrically situated 
equilateral triangular notch of depth .2^3, on one of the larger 
sides as shown in fig, 20, pp. 146 . The same calculations were 
done as for the case of the rectangular notch by taking the same 
values of N and are given in Table Nos. 63 and 64, pps. 157, I60. 
The values of for N =: 48, by both the methods at all grid 
points are shown in fig.22,pp. 147 • The maximum difference 
between them at any point is about 4 */, , and perhaps are nearer 
to the exact value. The lines of shearing stress are also 
drawn in this case and are shown in fig, 23, pp. 148 . 

Both problems were solved using Russian computer MINSK-2. 
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A single auto code programme each for computing the value of 
stress function by First Method in case oT the rectangular 
notch and hy Second Method in case of the triangular notch is 
given in Appendix VI. Another two programmes for computing the 
value of maximum shearing stress '1' hy any of the two methods 
in both the cases are also given in the same Appendix, 
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FIG. 16 - ANGLES SUBTENDED BY' THE INTERVALS OF THE 

rectangular boundary with a rectangular 

NOTCH FOR N=32 AT ONE OF THE NODAL POINTS. 


Y 



FIG. 17- ANGLES SUBTENDED BY THE INTERVALS OF THE 
rectangular boundary WITH A RECTANGUL AR 
NOTCH FOR N=32 AT ONE OF THE LATTICE POINTS 
vi^FRE CONJUGATE TORSION" FUNCTION 4^ IS COMPUTED. 
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FIG. 18- COMPUTED VALUES OF V FOR N=48 BY FIRST AND 
SECOND METHODS ARE SHOWN BELOW AND ABOVE 
THE LINE RPSPFrTIVE LY PASSING THROUGH A GRID 
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FIG.19-L1NES OF FARIN G STRESS IN ONE HALF ..Of. IHE 

rectangular cross -section (2X1) with a 
REX rXr^U L ar notch (»4 X.2) . 





FIG-20- ANGIES SUBTENDED BY THE INTERVALS OF THE 

rectangular boundary with an equilateral 
triangular notch at one of the nodal points. 
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FIG. 21 


ANGLES SUBTENDED BY THE INTERVALS OF THE 
RECTANGULAR BOUNDAR Y WITH AN EQUILATERAL 
triangular NOf^AT ONE OF THE LATTICE POINTS. 
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FIG.22- C0MPUTED VALUES OF V FOR N = 48 BY FIRST AND 
SFrnNH METHODS ARE SHOWN BELOW AND ABOVE 
THE LINE RESPECTIVELY PASSING THROUGH A GRID 
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TORSION PROBLEM FOR RECTA.NGUL4R CROSS SECTION (2x1 
WITH A RECT4NGIILWI NOTCH (.4 x ^2) 

Table No. 57 


Computed Values of o- for N = 48 


0,2219855 

0.2323921 

0.2550532 

0,2941085 

0.3570878 

0.4651543 

0, 5801486 

2,0479730 

0.7665505 

0.7048410 

0,6667106 

0,6659880 

0.7298020 

0,8503882 

1.6065400 

1,5674010 

0,7888230 

0,6498188 

0,5678382 

0,5365738 

0,7304715 

0.2883319 

-0.2446768 

-0.0134711 

-0,0134711 

-0,2446769 

0,2883319 

0.7304715 

0.5365737 

0,5678383 

0,6498187 

0*7888231 

1.5674010 

1,6065400 

0.8503881 

0,7298019 

0.6659881 

0.6567105 

0,7048410 

0,7665505 

2,0479730 

0.5801487 

0,4661543 

0,3570877 

0.2941085 

0,2550532 

0,2323920 

0,2219855 


Table No. 58 


Comouted Values i 

Df U' for N = 48 


-Oo 7918845 

-0.7574445 

-0.6873682 

-0.5793597 

-0.4300358 

-0.2343284 

0.0183512 

0.3764891 

0,5716578 

0.6705380 

0.7632737 

0,8684022 

0.9912200 

1.1311500 

1. 2812630 

1,3107990 

1,1862810 

1,0679640 

0,9642861 

0.8748362 

0,7853857 

0,3630039 

0.0639661 

0.2093525 

0,2093525 

0,0639661 

0.3630039 

0,7853858 

0,8748362 

0,9642861 

1,0679640 

1,1862810 

1.3107990 

1,2812630 

1.1311500 

0.9912200 

0,8684022 

0,7632737 

0,6705380 

0.5716578 

0,3764891 

0.0183512 

-0.2343284 

-0.4300358 

-0.5793597 

-0.6873682 

-0,7574445 

-0*7918845 
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Table i\To. 59 

T CRSIQTT PROBLEM FOR RBCTMGUL/IR CROSS-SECTICN (^xl) 
^ RECTATOL/IR notch (.4 X .2) BY FIRST METHOD 


oordiaates 
f the point 

P 

X Y 

Computed 
value of 
■'i' for 

W = 16 

Computed 
value of 
^ for 

N = 32 

Computed 
value of 
ijj for 

N = 48 

Maximum 

shearing 

stress 

for 

N = 48 

.00 

.10 

.0743328 

. 0786357 

.0773062 

,6252285 

.10 

.10 

.0813371 

.0846562 

.0823006 

,6247226 

.20 

.10 

.1055142 

.0981770 

.0970656 

.6224781 

.30 

.10 

.1191037 

.1235789 

,1212034 

.6164013 

.40 

.10 

.1513725 

.1557061 

.1545453 

.6032401 

.50 

.10 

.2002705 

. 1993738 

.1968958 

, 5790038 

.60 

,10 

.2721693 

.2484243 

, 2476433 

.5393934 

.70 

.10 

.3387465 

.3100994 

.3058529 

.4792775 

.80 

.10 

.4247308 

.3747928 

.3714739 

.3888136 

.90 

.10 

.4875440 

.4416454 

.4468388 

.3270 231 

.00 

.20 

.1436017 

.1484734 

.1450457 

.4277475 

.10 

.20 

.1497448 

. 1534113 

.1499443 

.4279504 

.20 

.20 

. 1661979 

.1678764 

.1644908 

,4284933 

.30 

.20 

.1897387 

.1915979 

.1882545 

.4280833 

.40 

.20 

. 2236751 

. 2237122 

.2205711 

.3233743 

.50 

.20 

.2700181 

.2636350 

.2605949 

.4086647 

.60 

.20 

.3266453 

.3102659 

.3073120 

.3845648 

.70 

.20 

,3893892 

.3627092 

.3594819 

.3545997 

,80 

.20 

.4522355 

.4182815 

.4154023 

.3358024 

.90 

.20 

.5147006 

.4736649 

.4710211 

.3872789 

.00 

.30 

.2007514 

.2079985 

,2028557 

.2273595 

.10 

.30 

.2064136 

.2130472 

, 2078889 

*2299246 

.20 

.30 

,2227088 

. 2278850 

,2227476 

,2367013 

.30 

.30 

,2485507 

.2517141 

.2467303 

,2721579 

.40 

.30 

.2837171 

.2834291 

. 2787650 

.2523036 

.50 

.30 

,3276872 

. 2218075 

,3175461 

,2433546 

.60 

.30 

.3784603 

.3654715 

.3616017 

,2657735 
COl^TD, . . 
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Table No. 59 CCOTITD. ) 


Coordinates Computed 


of the 
P 

point 

Value of 
iIj for 

W = 16 

X 

Y 

.70 

,30 

.4329563 

.80 

.30 

.4876245 

.90 

.30 

.5337187 

.00 

.40 

. 2462821 

.10 

.40 

.2523295 

,20 

.40 

.2699680 

.30 

.40 

. 2979420 

.40 

.40 

.3346801 

.50 

.40 

.3783200 

.60 

.40 

,4266077 

.70 

.40 

.4770037 

,80 

.40 

.5273860 

.90 

.40 

.5832601 

.00 

.50 

. 2795297 

.10 

.50 

, 2865265 

.20 

.50 

.3068455 

.30 

.50 

.3385281 

.40 

.50 

.3786682 

,50 

,50 

.4242476 

,60 

.50 

,4726622 

.70 

.50 

,5214961 

.80 

• 50 

.5677658 

.90 

.50 

.6028171 

o 

o 

,60 

. 2985530 

.10 

.60 

.3071867 

.20 

,60 

. 3321755 

.30 

.60 

,3706531 

,40 

.60 

.4173111 

.50 

.60 

,4673784 


Computed 
value of 
for 

N = 32 

Computed 
Value of 
for 

N = 48 

,4127152 

.4091886 

.4612360 

.4579721 

.5095369 

,5045558 

.2573024 

.2505176 

.2628238 

.2559291 

. 2788373 

.2718169 

.3039467 

,2971179 

,3364445 

.3301890 

.3746648 

.3591831 

.4169555 

.4122706 

,4614166 

.4575081 

.5055444 

. 5025464 

.5446784 

. 5446916 

.2953628 

.2872461 

,3019583 

.2933683 

,3206484 

.3113653 

,3488112 

,3397079 

.38374 54 

.3757051 

.4234119 

.4167120 

,4661733 

,4607190 

.5102610 

.5059185 

,5534636 

,5501816 

, 5944819 

.5908403 

.3198316 

.3116479 

.3287080 

.3187302 

.3530071 

.3403096 

.3870468 

.3746897 

,4263850 

.4163509 

,4690382 

.4612715 


Ifeximum 
shearing 
stress 
for 
= 48 


,5893757 

,3505068 

,4698588 

.0519520 

.0581557 

,0434966 

.0653965 

.1889134 

,1311796 

.1849849 

.2623159 

.3691650 

, 5136939 

.1943485 

.1871313 

,1606940 

.1142210 

.0707956 

.0847314 

, 1554925 

,2529582 

,3754391 

,5259325 

,4255590 

.4221275 

,3889384 

.2945100 

,2102401 

,1682318 



Table No, 59 (CONTD, ) 


Coordinates 
of the point 

P 

X Y 

Computed 
value of 
^ for 

N = 16 

Computed 
Value of 

4* for 

N = 32 

Computed 
value of 
for 

M = 48 

f&ximum 

shearing 

stress 

for 

N = 48 

.60 

.60 

.5182347 

.5139658 

.5079116 

.1854428 

,70 

.60 

.5681882 

.5599467 

. 5551657 

.2545679 

.80 

.60 

.6150350 

.6049409 

.6013444 

.3644210 

.90 

.60 

,6461644 

.6444357 

.6436761 

.5079799 

.00 

.70 

. 2998730 

.3258628 

.3221343 

. 6582395 

.10 

.70 

.3113432 

.3391479 

,3293881 

. 6718505 

.20 

.70 

.3432987 

.3760956 

.3552324 

,7214346 

.30 

.70 

.3948304 

.4204368 

.4030323 

,4493410 

,40 

.70 

.4529938 

.4658426 

.4541754 

.3319682 

.50 

.70 

,5098521 

.5123472 

,5041392 

.2738923 

.60 

.70 

,5646216 

,5605661 

. 5543762 

.2579255 

.70 

.70 

.6176811 

.6103861 

.6053348 

.2758252 

.80 

.70 

.6690600 

.6604328 

,6559920 

.3386997 

.90 

.70 

.7189215 

,7098346 

.7036948 

.4593979 

.30 

,80 

.4146478 

.4533136 

,4336975 

,6064068 

.40 

,80 

,4911140 

.5042299 

,4934016 

.4173090 

.50 

.80 

.5544170 

.5538350 

.5464934 

.3824913 

.60 

.80 

.6124885 

,6052819 

,5998760 

.3631796 

.70 

.80 

.6695464 

.6605299 

,6555426 

,3375358 

.80 

.80 

.7215301 

,7177303 

.7132515 

.3173600 

.90 

.80 

.7896140 

.7743766 

.7709358 

.3829881 

.30 

.90 

,4351760 

,4923387 

,4856675 

,4320864 

.40 

,90 

,5509766 

.5430944 

,5374271 

.4800736 

.50 

.90 

.5997030 

.5941997 

.5879154 

.5081177 

.60 

.90 

.6623902 

.6446784 

.6425685 

,4999130 

.70 

,90 

.7236188 

.7096612 

.7032997 

,4564969 

o 

00 

• 

.90 

.7884897 

.7746208 

,7708375 

,3824153 

,90 

.90 

,7240725 

.8423444 

.8413025 

,3244678 
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Tab le Wo. 60 

TORSIO^T PROBL^.M FOR W.TflLlMGTTL^R CROSS-STi:CTIOT\T (9x1) 


WITH \ RE 

CTWGtTLiR NOTCH 

(.4 X .2) BY 

SECOND PIETRO D 







Coordinates 
of the point 

P 

X Y 

Computed 
value of 
■'ll for 

N = 16 

Con^juted 
value of 
^ for 

N = 32 

Conputed 
value of 
ijj for 

N = 48 

Maximum 

shearing 

stress 

for 

N = 48 

.00 

.10 

.0852106 

.0806883 

.0779466 

.6261755 

,10 

.10 

.0878266 

.0848940 

.0827821 

.6256729 

.*50 

.10 

.0967619 

.1002388 

.0974491 

.6234166 

.30 

.10 

.1175330 

. 1236441 

.1218307 

.6172743 

.40 

.10 

. 1647729 

.1577234 

.1552065 

.6039856 

.50 

.10 

.2151332 

.1989440 

.1971599 

.5792577 

*60 

.10 

. 2478559 

. 2499982 

. 2476861 

.5382827 

.70 

.10 

. P904280 

.3066405 

,3058319 

.4769707 

9 

00 

o 

.10 

.3814424 

.3713391 

.3695775 

.3948645 

.90 

.10 

.4588381 

.4377560 

.4368006 

.3112260 

.00 

.20 

.1463621 

.1492575 

.1452351 

.4^8480 

.10 

.20 

.1505198 

. 1540778 

,1501336 

.4248640 

.20 

,20 

.1637046 

.1685815 

.1646797 

.4259307 

.30 

.20 

,1880086 

.1920837 

.1884345 

.424294? 

.40 

.20 

, 2242493 

.2241104 

,^207068 

.4187663 

.50 

,20 

.2659306 

. 2635623 

. 2606092 

.4063468 

,60 

.20 

.3084593 

. 3096316 

.3070589 

.3833059 

.70 

.20 

.3580282 

.3606900 

.3586596 

.3552305 

.80 

.20 

.4186232 

.4150731 

.4134432 

.3450223 

.90 

,20 

.4740185 

.4695297 

.4684432 

.3908333 

.00 

.30 

.1914193 

.2083268 

.2027162 

. ^3240 340 

.10 

.30 

.2044537 

.2133 394 

.2077531 

.2266495 

.20 

.30 

.2195985 

. 2280941 

.2226183 ' 

.2335615 

,30 

.30 

. 2447241 

.2517730 

. 2465966 

.^>421845 

.40 

.30 

. 2785898 

.2832690 

.2785934 

, 2497160 

.50 

.30 

.3183838 

.3212921 

.3172751 

, 2558944 

.60 

.30 

.3620530 

.3644390 

.3611378 

.2658444 

COATTD. . . 
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Table No. 60 (CONTD. ) 


Coordinates 
of the point 

P 

Computed 
value of 
^ for 

N = 16 

Computed 
value of 
for 

N = 32 

X 

Y 

.70 

.30 

.4097696 

.4109958 

.80 

.30 

.4610504 

.4587729 

.90 

.30 

.5152702 

.5047425 

.00 

.40 

.2424302 

. 2572835 

.10 

.40 

. 2482720 

.2627538 

.20 

.40 

.2653379 

,2786484 

.30 

.40 

. 2923066 

,3036061 

.40 

.40 

.3271483 

,3359002 

.50 

.40 

.3675251 

.3738339 

.60 

.40 

.4114545 

.4157741 

.70 

.40 

.4573408 

.4599282 

o 

CO 

41 

.40 

.5029294 

.5041067 

.90 

.40 

.5448009 

.5456709 

.00 

.50 

.2736004 

.2951175 

O 
I — t 

« 

.50 

.2807210 

.3015921 

.20 

.50 

.3010510 

.3200820 

.30 

.50 

.3319487 

.3481201 

.40 

,50 

.3702503 

.3829104 

.50 

,50 

.4132235 

.4^23418 

.60 

.50 

.4587766 

.4648264 

.70 

.50 

,5049340 

,5087433 

.80 

.50 

.5485721 

.5520474 

.90 

.50 

.5815570 

.5919747 

,co 

.60 

,2901579 

' .3196841 

,10 

,60 

. 2996714 

,3281213 

.20 

.60 

.3261136 

.3519181 

.30 

, 60 

.3642846 

.3860445 

,40 

.60 

.4088077 

.4253717 

,50 

.60 

.4563755 

, ,4677936 


Computed 
value of 
for 

N = 48 


Maximum 

shearing 

stress 

for 

M = 48 


,4084221 

.4569054 

,5035611 

.2500419 

. 2554634 

. 2713777 

.2967039 

.3297724 

.3687193 

.4117180 

,4568687 

.5019423 

.5441663 

. 2864140 

,2925532 

. 3106151 

. 3390439 

. 3750912 

.4161027 

.4600295 

.^52997 

.5497121 

. 5909220 

. 3104367 

,3175076 

,3392189 

.3738254 

.4155872 

.4605476 


.2922516 

.3542297 

.466203? 

.0184890 

.0249125 

.0404622 

.0627519 

.0916421 

.130426 2 

.1851591 

.2627962 

.3691087 

.5110385 

.1980260 

.1909379 

.1640363 

.1165612 

.07 24346 

.0856784 

.1556742 

.-2518812 

,3719374 

.5235642 

.4293410 

.4266372 

.3930919 

.2961222 

,2116197 

.1690623 
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Table Wo, 60 (CONTD. ) 


Coordinates 
of the point 

P 

X Y 

Computed 
value of 
^ for 

N = 16 

Computed 
value of 
^ for 

N = 32 

Computed 
value of 
for 

K = 48 

Maximum 

shearing 

stress 

for 

W = 48 

.60 

.60 

. 5053483 

. 5123717 

. 5079843 

.1858890 

.70 

.60 

.5544411 

• 5580596 

. 5544345 

.2547066 

.80 

.60 

.6023886 

,6031633 

. 6007353 

.3609777 

.90 

.60 

.6481107 

.6453836 

.6437718 

,5053038 

.00 

.70 

. 2869363 

.3269973 

.3205458 

. .6521835 

.10 

.70 

. 2011043 

.3385346 

.3276789 

.6657989 

.20 

.70 

.3394382 

.3734140 

, 3537088 

.7170865 

.30 

.70 

. 3907176 

.4194653 

.4021263 

.4536467 

.40 

.70 

.4446205 

.4648877 

.4533045 

.3332159 

.50 

.70 

.4981369 

. 5110003 

.5033510 

.2739131 

.60 

.70 

. 5517879 

, 5587083 

. 5535664 

.2583290 

.70 

.70 

.6051464 

.6078376 

,6043830 

.2782262 

.80 

.70 

.6584236 

.6571509 

.6549141 

.3411478 

.90 

.70 

.7179440 

.7041428 

.7028179 

.4565335 

.30 

.80 

,4161931 

.4542073 

.4321921 

. 6033923 

.40 

.80 

.4813734 

.5035018 

.4924142 

.4204238 

.50 

.80 

.5393746 

.5594443 

. 5457656 

.3799176 

.60 

.80 

. 5985489 

.6034540 

.5991263 

.3600201 

.70 

.80 

.6568560 

.6572273 

.6544046 

.3398522 

.80 

.80 

.7106707 

. 7131727 

.7113242 

,3312311 

.90 

.80 

.7639784 

.7691286 

.7678857 

.3791347 

.30 

,90 

.4591910 

.4916140 

.4845189 

.4224207 

.40 

.90 

.5254215 

.5425970 

.5362132 

.4763431 

.50 

,90 

.5769843 

.5914100 

.5876647 

.5047965 

.60 

.90 

.6459222 

.6452947 

.6424643 

.4963410 

.70 

.90 

.7149526 

.7041355 

.7023586 

.4530376 

.80 

.90 

.7633160 

,7690326 

.7677489 

.3783612 

.90 

.90 

.8050744 

.8371816 

.8370772 

,3027644 
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TORSION PROBLEM FOR REGTMGULliR CROSS-SECTION (2x1) 
WITH ilN EQUILA.TERM TRIANGULAR NOTCH (.4) 


Table No. 61 

Computed Values of o- for N = 48 


0. 2258570 
0,3586570 
0,7682365 
0.7307338 
0.7885911 
0,6690443 
-0.2024533 
0.5241188 
1,5690090 
0.6670149 
2.0524910 
0.2960071 


0.2356970 

0,4666915 

0,7063550 

0.8514648 

0,6479278 

0.3573506 

-0.0342750 

0.5623400 

1.6087700 

0.6579592 

0.5817640 

0.2575795 


0.2575795 

0,5817639 

0.6579592 

1.6087690 

0.5623400 

•0.0342750 

0.3573506 

0.6479276 

0.8514648 

0.7063548 

0,4666915 

0.2356970 


0.2960070 
2.0524910 
0.6670147 
1. 5690100 
0.5241188 
-0.2024533 
0.6690444 
0.7885913 
0.7307336 
0.7682367 
0,3586569 
0,2258570 


Table No. 62 


Computed Values of for N = 48 


-0.7886278 

-0.4294688 

0.5705275 

0.9886560 

1.1830740 

0.7788006 

-0.0917742 

0,8662840 

1,3085970 

0.8659500 

0,3759756 

-0.5781936 


-0.7547061 

-0.2341631 

0.6688912 

1.1287750 

1.0633060 

0,4782666 

0.1977915 

0.9576579 

1.2793305 

0.7611632 

0.0182302 

-0.6854231 


-0.6854231 
0,0182302 
0,7611632 
1.2793050 
0,9576579 
0.1977915 
0.4782666 
1.0633060 
1.1287750 
0.6688912 
-0, 2341631 

-0.7347^ SI 


-0,5781936 

0.3759756 

0.8659500 

1.3085970 

0.8662840 

-0.0917742 

0.7788007 

1,1830740 

0,9886560 

0.5705275 

-0.4294688 

-0,7886278 
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Table No. 63 


TORSION PROBLEM FOR RECT<mGUL4R CROSS-SECTION (2x1) WITH A 
EQUILATERAL TRIA.NGtJLA.R NOTCH (.4) BY FIRST METHOD 


Coordinates Computed 


of the point 

P 

value of 
for 

N = 16 

X 

Y 

.00 

.10 

. 0792935 

.10 

.10 

.0860940 

.20 

.10 

.1096309 

.30 

.10 

. 1229328 

.40 

.10 

.1546933 

.50 

,10 

.2029707 

.60 

.10 

,2741516 

.70 

.10 

.3402327 

,80 

.10 

,4257848 

.90 

.10 

.4881558 

.00 

.20 

,1533986 

.10 

.20 

.1592352 

.20 

,20 

.1749287 

.30 

.20 

.1974527 

.40 

.20 

,2301976 

.50 

.20 

,2752647 

*60 

.20 

.3306497 

.70 

,20 

.3912832 

.80 

,20 

,4541481 

.90 

.20 

.5157305 

.00 

.30 

.2159351 

.10 

.30 

, 2211593 

.20 

.30 

,2362454 

.30 

.30 

,2603514 

,40 

.30 

. 2935184 

.50 

.30 

.3354543 

.60 

.30 

,3843247 

.70 

.30 

,4371283 


Computed 
value of 
^1) for 

N = 32 

Computed 
value of 
i for 

N = 48 

.0756644 

.0755064 

.0818454 

,0806251 

.0956621 

, 0957083 

,1215349 

.120^2 

,1540956 

.1539501 

.1981954 

.1965800 

,2476722 

.2475071 

.3095408 

,3058141 

,3744491 

.3714789 

.4414915 

,4468669 

,1423227 

,1411921 

.1475531 

,1463923 

.1627761 

.1616994 

.1874784 

,1863713 

.2205650 

.2194805 

.2613320 

. 2600665 

.3086429 

,3071205 

.3616224 

,3594579 

.4176196 

,4154384 

.4733538 

.4710548 

,1980268 

,1962864 

,2036658 

,2019710 

,2199729 

,2183883 

.2455578 

,2440702 

.2788818 

,2774289 

.3185599 

.3170387 

,3632185 

.3615244 

.4112167 

.4092845 


Maximum 

shearing 

stress 

for 

N = 48 

,6059605 

,6069623 

,6085000 

.6069201 

,5976829 

.5762337 

.5383007 

.4790406 

,3889070 

.3271594 

.4039000 

,4067374 

.4134000 

.4192918 

.4185827 

.4070126 

.3841638 

,3546916 

.3360057 

.3875108 

.1928655 

,2016725 

,2208061 

,2388451 

.2507608 

♦2577372 

.2662179 

.2898671 
CONTD, . . 
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Ta ^jfo. 63 (CONTD . ) 


Coordinates 
of the point 

P 

X Y 

CoDiputed 
value of 
^ for 

N = 16 

Computed 
Value of 
^ for 

If = 32 

Computed 
value of 
for 

If = 48 

Maximum 

shearing 

stress 

for 

If = 48 

.80 

.30 

.4903095 

.4603247 

,4580958 

,3510686 

.90 

.30 

.5350701 

. 5091156 

.5046330 

.4705560 

.00 

.40 

.3677882 

.2422013 

.2397632 

V0378385 

.10 

.40 

. 2731272 

.8489901 

,2466720 

.0338578 

.20 

.40 

.2888339 

.2678671 

.2658107 

,0473099 

.30 

.40 

.3140876 

.2959514 

.2941307 

,0698779 

.40 

.40 

.3477840 

.3308330 

.3291373 

,0958791 

.50 

.40 

.3884622 

.3707864 

.3690990 

.1321646 

.60 

.40 

.4341040 

.4143125 

,4125582 

,1858068 

.70 

.40 

.4822393 

.4596723 

.4578620 

,2633879 

.80 

.40 

.5306976 

. 5044843 

.5028273 

,3704734 

.90 

.40 

.5848517 

.5441689 

. 5448422 

• 5151462 

.00 

.50 

.3088594 

. 2721375 

.2687187 

.3299910 

.10 

.50 

.3146307 

. 2820194 

.2789244 

.2625453 

.20 

.50 

.3318449 

, 3066911 

.3042104 

* 1794661 

.30 

.50 

.3593248 

. 3396752 

.3376441 

.1055657 

.40 

.50 

.3949643 

.3777474 

.3759328 

,0488506 

.50 

.50 

.4364200 

.4193978 

.4176259 

,0762204 

.60 

.50 

,4813860 

.4634690 

,4616544 

,1555209 

.70 

.50 

.5274471 

.5084855 

.5066559 

,2550345 

00 

o 

,50 

.5714819 

. 5523794 

,5506703 

.3778968 

.90 

.50 

,6046635 

.5939744 

.5910807 

.5283708 

.00 

.60 

.3386389 

.2788813 

.2737650 

. 5412708 

.10 

.60 

.3443828 

.3006533 

.2965002 

.5094150 

.20 

.60 

.3644438 

.3378460 

,3351856 

.3593311 

.30 

.60 

.3963741 

.3785672 

.3765708 

,2485807 

.40 

.60 

.4363484 

.4211234 

.4193672 

.1776277 

.50 

.60 

,4808657 

.4655271 

.4637596 

,1546736 




•« #-«» ^ n #— 
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Table No, 6.q (COWTD . ) 


Coordinates 
of the point 

P 

X Y 

CoTi5)uted 
value of 
for 

W = 16 

Computed 
value of 
^ for 

N = 32 

Computed 
value of 
ijj for 

N = 48 

>feiximum 

shearing 

stress 

for 

¥ = 48 

.70 

,60 

.5743121 

0 5583438 

.5563202 

.2581316 

.80 

.60 

.6187965 

.6039547 

.6020340 

.3682440 

.90 

.60 

.6580581 

.6439579 

,6439973 

. 5113792 

.10 

.70 

.3588943 

.3081570 

,3058412 

,4951000 

.20 

.70 

.3850318 

.3667554 

,3645522 

.5030234 

.30 

.70 

.4254311 

-.4157523 

,4142051 

. 3618047 

.40 

.70 

.4734482 

,4625942 

.4611422 

.2928670 

.50 

.70 

.5232418 

,5099035 

.5082497 

.2643059 

,60 

.70 

.5733069 

.5587658 

. 5568032 

.2599844 

.70 

.70 

.6232205 

.6091317 

.6067587 

.2810156 

.80 

.70 

.6724430 

,6596449 

.6567856 

.3435116 

.90 

.70 

.7205712 

.7094632 

.7040512 

.4631987 

.10 

.80 

.3563497 

.3436910 

.3365397 

.8315000 

.20 

.80 

.3905094 

,4031601 

.4013772 

.5353131 

.30 

.80 

,4469608 

,4544719 

.4541426 

.4332495 

.40 

.80 

.5098943 

,5033932 

,5025025 

.3974066 

,50 

.80 

.5653449 

.5525768 

.5510768 

.3865895 

.60 

,80 

.6190895 

.6041761 

.6023242 

, 3702912 

.70 

.80 

,6736061 

.6597055 

.6568838 

.3437990 

.80 

.80 

.7239178 

.7171980 

.7139666 

.3221783 

,90 

.80 

.7907193 

.774154C. 

.7712511 

.3867640 

.20 

.90 

.3742307 

.4444508 

.4507945 

.3210000 

.30 

.90 

.4596344 

,4965386 

.4979364 

.4747400 

.40 

.90 

.5618434 

, 5431652 

,5434858 

.5166151 

.50 

.90 

,6051016 

.5936657 

. 5909320 

.5303934 

.60 

.90 

.6651688 

.6441867 

.6441177 

. 5127538 

.70 

.90 

.7254160 

,7092701 

.7041188 

,4638913 

,80 

,90 

.7896204 

.7743565 

,7712657 

.3868630 

.90 

.90 

.7243543 

,8421830 

,8414150 

.3270962 


Table No, 64 


TORSION PROBLEM FOR RECT<\.NGIJL/IR GROSS-SBGTION (2x1) ¥ITH A. 
EQUILA.TER/IL TRIA.NGTTL.'IR NOTCH (,4') BY SECOND METHOD 


Coordinates 
of the point 

P 

Computed 
value of 
^ for 

N = 16 

Computed 
value of 
ijj for 

N = 32 

Computed 
value of 
ij) for 

N = 48 

Maximum 

shearing 

stress 

for 

N = 48 

X 

Y 

.00 

.10 

.0908684 

.0790160 

.0770485 

.6163170 

.10 

.10 

.0932429 

.0833059 

. 0819727 

.6168937 

,20 

,10 

.1015299 

.0988293 

. 0968623 

.6173297 

.30 

.10 

.1215454 

.1224968 

,1215131 

.6142903 

.40 

.10 

,1685870 

.1568358 

.1551259 

,6035208 

.50 

.10 

,2185900 

.1982935 

.1972368 

,5803613 

.60 

.10 

.2501202 

.2495411 

.2478356 

.5400363 

.70 

.10 

. 2915646 

.3063343 

.3059899 

.4787412 

.80 

.10 

,3824853 

.3711533 

.3697019 

.3963752 

.90 

.10 

.4596349 

.4376675 

,4368668 

.3121739 

.00 

.20 

.1572597 

*1458077 

.1432634 

.4107250 

.10 

.20 

.1611021 . 

.1507936 

. 1483786 

.4136662 

.20 

.20 

.1734272 

.1657284 

.1634651 

.4191879 

.30 

.20 

.1965639 

.1897918 

.1878458 

.4220438 

.40 

.20 

.2315684 

.2223757 

.2206284 

.4194952 

.50 

.20 

.2719046 

.2623071 

. 2608431 

.4084795 

.60 

.20 

,3129415 

.3087576 

.3074201 

.3857927 

.70 

.20 

. 3611349 

,3601093 

.3590154 

.3574835 

.80 

.20 

,4206666 

.4147204 

.4137138 

.3469291 

.90 

.20 

.4750380 

.4693637 

.4685872 

,3924816 

.00 

.30 

.2162168 

,2027408 

.1991935 

,2031570 

.10 

.30 

,2207737 

. 2080825 

.2047057 

.2103249 

.20 

.30 

, 2345941 

.2236677 

,2207002 

.2264253 

.30 

.30 

.2578225 

.2483529 

.2158742 

.2421854 

.40 

.30 

,2895223 

.2807735 

.2787322 

.2529250 

.50 

.30 

.3270947 

.3195360 

.3178579 

.2597791 

.60 

.30 

,3686295 

.3632378 

.3618423 

.2694051 

.70 

.30 

.4144248 

,4102056 

,4090524 

.2952985 
CONTD. , . 
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Table Wo. 64 (CCi^TD, ) 


Coordinates 
of the point 

P 

X Y 

Computed 
Value of 
for 

N = 16 

Computed 
value of 
^ for 

N = 32 

Coirputed 
value of 
for 

N = 48 

Maximum 

shearing 

stress 

for 

W = 48 

.8C 

.3C 

,4640508 

.4582948 

.4573610 

.3568193 

.90 

.30 

,5168720 

.5045169 

. 5037981 

.4686160 

.00 

.40 

. 2661518 

. 2488394 

.2438948 

,0207745 

.10 

• 40 

. 2712068 

. 2549922 

.2504166 

.0243909 

.20 

» 40 

. 2861850 

. 2724904 

. 2687351 

.0454248 

.20 

.40 

. 3101950 

. 2991691 

. 2962429 

,0707665 

.40 

,40 

.3417375 

.3328465 

. 3305742 

.0984002 

.50 

.40 

.3788881 

.3717668 

.3699758 

.1356483 

.60 

.40 

.4198989 

.4143899 

.4129548 

.1897132 

.70 

• 40 

.4632556 

.4590259 

.4578672 

,2667368 

,80 

,40 

.5066683 

.5035618 

.5026226 

.3727461 

.90 

« 40 

.5466024 

.5454111 

.5445085 

.5145074 

;00 

.50 

.3057660 

,2822578 

. 2750386 

. 2879350 

.10 

.50 

.3116516 

.2903416 

.2840989 

. 2451406 

.20 

.50 

.3286314 

.3121615 

.3076709 

.1704702 

.30 

.50 

.3549442 

.3430760 

.3399075 

.1006542 

.40 

.50 

.3883902 

.3797153 

.3773881 

.0501621 

.50 

.50 

.4269062 

.4202658 

,4184874 

,0814295 

.60 

.50 

.4686803 

.4634551 

,4620563 

,1594769 

.70 

,50 

.5117402 

.5078494 

.5067332 

.2572516 

.80 

.50 

. 5528103 

.5515051 

.5506308 

,3768416 

.90 

.50 

.5834526 

.5917170 

, 5913689 

.5281550 

. oc 

.60 

.3333975 

,2984694 

.2863078 

.7129424 

.10 

.60 

.3408086 

.3115780 

.3030438 

.5134582 

.20 

,60 

.3616745 

i 3430866 

,3385276 

,3536138 

.30 

.60 

, 3926979 

,,3815382 

,3786126 

.2476472 

.40 

,6r 

.4300294 

,4227472 

.4206428 

.179123 5 

.50 

.60 

,4716540 

.4660891 

r**t T 

,4644846 

c:aqq«;«q 

.1580316 
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Table No. fid (COTTO^) 


Joordinates 
the point 

P 

X Y 

Computed 
value of 
^ for 

N = 16 

Coirputed 
value of 
^ for 

N = 39 

Conputed 
value of 
^ for 

N = 48 

Maximum 

shearing 

stress 

for 

N - 48 . 

*70 

.60 

,5615908 

.5572939 

.5562688 

,2611681 

*80 

.60 

,6068447 

.6026889 

.6018431 

.3671606 

,90 

.60 

.6504332 

.6451518 

.6442947 

.5107924 

,10 

.70 

.3561964 

.3139794 

.3065927 

.4551300 

,90 

.70 

,3846490 

,3688696 

..3665434 

.5176248 

.30 

.70 

.4240193 

.4176747 

.4155895 

.3652221 

,40 

.70 

.4676996 

.4636376 

.4620479 

.2958143 

• 50 

.70 

.5136302 

.5100185 

. 5087423 

. 2669551 

,60 

,70 

.5620815 

.5579434 

,5568839 

• 2694015 

,70 

.70 

.6118324 

.6072798 

.6064006 

.2860162 

,80 

.70 

.6625531 

,6567882 

.6560704 

.3481422 

• 90 

,70 

.7203195 

,7039635 

•7033477 

.4622999 

,10 

,80 

.3523544 

.2916218 

.3518324 

.9950000 

.90 

• 80 

.3969099 

.4050756 

,4013469 

,4829366 

.30 

.80 

.4522963 

.4558117 

.4547775 

•4404195 

*40 

.80 

.5031384 

, 5038349 

.5029605 

.4027083 

,50 

,80 

.5527552 

.5521996 

.5513439 

,3874213 

,60 

.80 

,6069936 

,6030745 

.602&i88 

.3703380 

.70 

,80 

.6690683 

.6568914 

,6561880 

.3487162 

o 

00 

.80 

.7137615 

•7129358 

.7123058 

.3380619 

• 90 

.80 

.7654376 

,7690045 

,7683250 

• 3842249 

.90 

.90 

.3987179 

.4452977 

,4532834 

. .3080000 

• 30 

,90 

.4894709 

,4965974 

,4979552 

.4731992 

•40 

.90 

.5399540 

.5435601 

.5432284 

,5190837 

,50 

.90 

.5851072 

.5915115 

.5912613 

. 5317509 

,60 

.90 

.6506513 

.6451404 

,6443835 

,5127481 

.70 

.90 

.7176783 

.7039810 

,7034122 

,4629644 

,80 

,90 

.7649072 

,7689092 

.7683151 

,3843343 

*90 

.90 

.8055338 

.8371203 

.8373280 

•3063190 
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APPEKDK I 

Fortran programme for Dirichlet Protlem for circular domain 
f First Method when $(p) s x, using trapezoidal rule. 

C PROGM14I4E DIRICHLET (SAXEM,R.S.) 

DIMENSION A(32,32) ,R(32,32) ,3(32,32) ,U(32,32) ,V(32,32) 

DIMENSION X(32) ,1(32) ,Z(32) ,UL(32) ,UE(32) ,H(32) ,SX(32) ,X0(8) ,Y0(8) 
DOUBLE PRECISION A,B,S,U,V,X,I,Z,UL,UR,SX,F1,F2,F3,ST,FS,FZ,FX,FY 
READ 70, (X0(J) ,J=1,8) 

READ 70, (Y0(J) ,J=1,8) 

PRINT 100 

PRINT 200 

PRINT 300 

DO 700 INI=1,4 

READ 150, N 

PRINT 250, N 

READ 60, (H(J) ,J=1,N) 

PI=:3 .1415926535897930 
RADIUS=1./PI 
1=0 

135 1=1+1 

I?(I-N) 145,145,155 
145 CONTINUE 
AI=I-1 
AN=N 

SX(I) =2.-3|« PI^AI/AN 

Y(I) =-AN* DC0S(SX(I))/(2.^ PI) 

DO 51 J=1,N 

IF (I-J) 115,125,115 
Il5 FX=PI » AJ/AN-SX(I)/2, 

FY=(2.*: RADIUS'* DSlN(FX))5«fr'* 2 
FZ=DL0G(FI)/2. 





GO TO 51 
125 SI'I=HQ)/2 

Fl=SNi^*3/(72.-^t (RADIUS^^2)) 

F2=3n* It 5/ (14400. -it (RADIUS‘it-*4) ) 
F5=SM»c*;7/ (1270080. Hit- (EADIUS^t^6)) 
ST=:(DL0G(SN) -1.) 9feSN 
F3=ST- (F1-I-F2+F3) 

FZ=FS/SN 
51 A(I,J)=:FZ 
GO TO 135 
155 K=1 
45 KL=K 
KR=K+1 
DO 32 1=1 ,N 
DO 32 J=1,N 
U<I,J) =0 
32 V(I,J)=0 

41 KL=K 

DO 10 I=KL,N 

10 S(I,K) =A(I,K}-U(I,IO 
IF (M) 15,16,16 

15 DO 11 J=K1,N 

R(K,J) =A(K,J)/S(K,iO<-V(K,J) 

11 R(K,I0=1. 

K=K+1 

DO 12 I=K,N 
DO 12 J=1,KL 

12 U(I,K) =S(I,J)« R(J,K)+U(l5lO 
IF (M) 21,14,14 

21 KR=K4-1 

S(K,IO =A(K,I0-R(K,I0 
DO 13 I=KR,N 
DO 13 J=1,KL 

13 V(K,I) =V(K,I)+S(K,J)-3t R(J ,I)/S(K,I0 



14 00 TO 41 

16 R(:':,N)=^i. 

K~-l 

DO 17 1=1 ,N 
IJL(I) =0. 

17 UR(I)=0. 

18 Z(iO=Y(IO/S(K,lO-UL(iO 
IF (K-N) 20,19,19 

20 DO 22 1=1, K 

22 UL(K+1)i=UL(K4-1) +S(K+1,I) * Z(I)/S(K+1 ,K+1) 

K=K+1 
GO TO 18 

19 M=N 

25 KM=M 

X(KM)=Z(KM) -UR(KM) 

IF (KM-1) 26,26,27 

27 DO 28 I=KM,N 

28 UR(KM-1)=UR(KM-1)+R(KM-1,I)*X(I) 

M=M-1 

GO TO 25 

26 PRINT 40, (X(I) ,I=1,N) 

PRINT 778 

DO 777 1=1,8 

RV=DSQRT(XOCl)*i»c 24-10(1)* * 2) 

AI=I 

SI=PI* (Al-l.)/4. 

A¥=XO(I) 

CV=0. 

DO 151 K=1,N 

AN=N 

PK=K-1 

B1=(2.«PI*PJ!/AN)-SI 

B2=C0SF(B1) 

B3=:l ,/ (PI** 2) +RV** 2-2 .* R¥* B2/PI 
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B4=DL0G(B3) 

151 CV=CV-(B4 *X(iO/M) 

ERROR=DABS(AV-C10 

777 PRINT 30,X0CI) ,Iir(I) ,AV,CV,ERBOR 
700 CONTI MOE 

60 FORMAT (4D20ol6) 

40 FORMAT (X, * SIGMAS- ^/UdZO .16) ) 

100 FORJ-IAT (X,* COMPUTED VALUES OF FI AT P(XO,YO) BY TRAP. RULE#) 

200 FORMAT (X,# FUNCTION- #,X,#U=X*) 

300 FORMAT (X,# CURVE-CIRCLE OF RADIUS 1./PI#) 

778 FORMAT (7X, ♦ XO * ,14X, *I0*,12X, # A.V.^it ,12X, # C.V,#,12X ,# ERROR#) 
150 FORMAT (13) 

Fortran programme for Dirichlet Problem for circular domain 
by First Method when $(p)=x, using Gauss Legendre quadrature formula. 

C C PROGRAMME DIRICHLET (SAXENA,E.S.) 

DIMENSION A(32,32) ,R(32,32) ,S(32,32) ,U(32,32) ,V(32,32) 

DIMENSION X(32) ,Y(32) ,Z(32) ,UL(32) ,UR(32) ,SI(32) ,H(32) ,X0(8) ,Y0(8) 
DOUBLE PRECISION A,R,S,U,V,X,Y,Z,UL,UR,XM0D,B1,B2,B3,B4,B5,B 
CALL FLUN(IOOO) 

READ 70, (XO(J) ,J=1,8) 

READ 70, (YOCJ) ,J=1,8) 

PRINT 100 

PRINT 200 

PRINT 300 

DO 700 INI=1,4 

READ 150 ,N 

PRINT 250, N 

READ 60, (SI(J) ,J=1,N) 

READ 60, (H(J) ,J=1,N) 

PI=3 .1415926535897930 
RADIUS=1 ./PI 
1=0 
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5 1=1+1 

IF (I-N) 55,55,65 
55 CONTI HUE 

Fl = PIi^SI(I) 

Y(l)=- DC0S(FI)/PI 
m 31 J=1,N 
TI=SI(I) +1. 

XN=SI(J)+1.-TI 

XM0D=2.*RADIUS BSIN(XN/(2.^BADIUS)) 
IF (»40D) 33,35,34 

33 XMOD=-XMOD 

34 B=:DL0G(a40D) 

GO TO 31 

35 ZP=H(J)/2. 

Bl=ZPjfe * 3/ (72 ,* (RADIUS*^2) ) 
B2-ZPi»t3it 5/ (14400 .*(RADIUS**4) ) 
B3=ZP*^«fc 7/ (1270080.* (RADIIJS**6) ) 
B4=(DL0G(ZP)-1.)*ZP 
B,5=B4-(B1+B2+B3) 

B=:B5/ZP 

31 A(I,J) =H(J)*B 
GO TO 5 

65 K=1 

45 KL=K 
KR=:K+1 
DO 32 1=1 ,N 
DO 32 J=1,N 
U(I,J)=0. 

32 ?(I,J)=0, 

41 KL=K 

DO 10 I=KL,N 

10 S(I,K)=A(I,K)-0(I,K) 

IF (K-N) 15,16,16 
15 DO 11 J=KR,N 



JI.UO 


RCK,.S)=A(i:,J)/S(K,K)-V(K,J) 

11 R(jtv,K)*=l. 

K” K.4 1 

DO 10 

DO 12 J=1,KL 

12 U(I,iO =S(I,J)'*H(J,iO+U(I,K) 

IF (M) 21,14,14 

21 KR=K+1 
S(K,iO=A(K,K)-U(K,iO 
DO 13 

DO 13 .1=1, KL 

13 V(k,I)=V(K,I)+S(K,J)*R(J,I)/S(K,E) 

14 GO TO 41 

16 R(N,H)=1. 

K=1 

DO 17 1=1,?} 

UL(I)=0. 

17 UR(I)=0, 

18 Z(K) =YCK)/S(K,I0-UL(K) 

IF (K-N) 20,19,19 

20 DO 22 1=1, K 

22 UL(K+1)=UL(K+1)+S(K+1,I)*Z(I)/S(K+1,K+1) 
K=K+1 

GO TO 18 

19 M=N 

25 KM=:M 

XCKM) =Z(KM) -UR(KM) 

IF(KM-l) 26,26,27 

27 DO 28 I=KM,N 

28 UR(KM-1)=UR(KM-1)+E(KM-1,I) KD 
MsM-l 

GO TO 25 

26 PRINT 40,(X(I) ,I*1,N) 

PRINT 778 
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DO 7.^- 1^1,8 
AV^XOd) 

CV^U . 

DC^ 5i .:rl,N 

Xl-riAD]U3 It DC0S( SI (J) /RADIUS) 

Ylr-RADIUG* DSIN( SI (J) /RADIUS) 

FX= O; I-XO ( I) ) * 2+ (II-YO ( I) )•* * 2 
Y>:=-DLOn(FX)/2. 
f)l CV=CV+YK# HCJ) ^ltX(J) 

EHKOR= DABS{CV-AV) 

lb PRINT ?0, XO (I) ,10(1) ,AV,CV, ERROR 
700 COKTKUIE 

40 FOIO’AT (X,-* SIGMAS-*/ (4020 .16)) 

30 FORK AT (5016. 8) 

ICO FCKKAT (X,*COMPUTED VALUES OF FI AT P(XO,IO) BI GAUSS QUAD.* ) 

200 FORMAT (X,4i FUNCTION-* ,X, *U=X*) 

300 FORMAT (X,*CURVE-CIRCLE OF RADIUS l./PI*) 

778 FORMAT (7X,* XO* ,14X, *I0,*,12X,* A.V.^it ,12X, * C .V.*,12X,*ERR0R*) 
150 FORMAT (13) 

250 FORMAT (X,2M=:,I3) 

60 FORMAT (4020.16) 

70 FORMAT (8D7,5) 

STOP 
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APPMDIX II 

tortran programme for Dirichlet Problem for circular domain 
j Second **ietnoci when g(p) s x - y , using trapezoidal rule, 

c C PHOGR/l'ME dirichlet, (SAXEIAjR.S.) 

DIMEHSION A(32,32) ,R(32,32) ,S(32,32) ,U(32,32) ,V(32,32) 

DIMENSIOH XC32) ,1(32) ,2(32) ,UL(32) ,UR(32) ,H(32) ,SX(32) ,X0(8) ,Y0(8) 
DOUBLE precision A,R,S,U,V,X,Y,Z,UL,UR,SX,F1,I’2,F3,ST,FS,FZ,FX,FY 
HEAD 70, (X0(J) ,J=1,8) 

HEAD 7U, (Y0(J) ,J=1,8) 

PHr:T 100 
DO 700 IN 1=1, 4 
READ 80, N 
PRINT 90, N 
PI=3 .1415926535897930 
RADIUS=1,/PI 
1=0 

135 1=1+1 

IF(I-N) 145,145,155 
145 CONTINUE 
AI=I-1 
AN[=N 

SX(I)=2.*PBA3/AK[ 

Y(I) =2 ,*AI*(RADIUS«*2)*DC0S(2 .*SX(I) ) 

DO 51 J=1,N 
IF (I-J) 150,125,150 
125 A(I,J)=M+1 

GO TO 51 
150 A(I,J)=1. 

51 CONTINUE 
GO TO 135 
K=1 


155 
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45 KL=L 
KR“K41 
JX T^li I-!,N 
DO .]=1,N 
^'(] ,,0=^0 
32 V(I,.1)=0 

41 KL-K 

DO 10 I-“KL,N 
10 S(I,K) -“A(I,|>0-0(I,K) 

]F (K-Il) 15,16,16 

15 DC 13 .:~KK,N 

=-A(K,J)/S(K,K)-V(K,J) 

13 K(K,K)=1, 

K~K+3 

DO 12 I=K,N 
DO 12 J=:1,KL 

12 U(I,K) =S(I,J) -»tR(J,K3+U(I,3D 
IF (K-N) 21,14,14 

21 KR>K+1 

S(K,K) = ACK,K)-U(K,iO 
DO 13 IrrKJRjN 
DO 13 .J=1,KL 

13 V(K,I)=V(K,I)+S(K,J)3lt R(J,I)/S(i;,i^ 

14 GO TO 41 

16 R(N,K)=1. 

K=1 

DO 17 1=1 ,H 
UL(I) =0. 

17 UR(I)=0. 

18 ZCK) =Y(I0/S(K,K)-UL(K) 

IF (K-K) 20,19,19 

20 DO 22 1=1, K 

22 UL(K+1) =UL(K+1) +S(K+1,I) ^ Z(I)/S(K+1,K+1) 

K=K41 
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GC TC i:'- 
19 M~N 
2f K>!^M 

* ij ( L/') ~UH( KK) 

IF (L’:-l) 26,L’G,27 

27 DO 2P 

28 UR(Kj 7-1) -lutCKM-l) +R(KM-1,I) f x(I) 
GO TO 

26 PRINT 40, CX(1),I=1,N) 

PRINT 778 
DO 777 3rl,8 

RV=DSQBT (XO ( I) ¥r*2+YQ ( I)*^2) 

AI-1 

Slrpl K (AI-l.)/4. 

AV=X0(l)#<»r2-Y0(I)*»2 

CVeO. 

DO 151 K=1,N 

AN=N 

PKr^K-l 

B1 = (2.# pi a Pi^ AN) -si 
B8sDC0G(B1) 

B3=RAD1US -RV*B2 

B4=HAD lU S^*2+RV*-> 2-2 .* RADIUS*EViitB2 

B5=:RADIUS»«B3/ (AN*feB4) 

151 CVsCV4B5*X(K) 

ERR0R=DABS(AY-C7) 

777 PRINT 30,X0(I) ,10(1) ,AV,CV, ERROR 
700 CONTINUE 
80 FORMAT (13) 

90 FORMAT (X,2HN»=,I3) 

40 FORMAT (X ,« SIGMAS*/ ( 4D20 .16) ) 

70 FORMAT (8D7.5) 

30 FORMAT (5D16.8) 



ITS 


778 !• I’ .‘t’' AT ( 7X , *,1 4X ,*Y05i^,l8X Y .^,12X ,*C , Y .★ ,12X ,'JfeERROR*) 

XOO Fi:HMAT(.<,«kCi.; ^ri'TED YALUES OF PI AT P(XO,IO) FOR TRAPEZOIDAL RULE^i^ 

nh H 


END 


Fortran propraime for Dirichlet Problem for circtilar domain 
Second Metliod when g(p) = x^- y^, using Gauss Legendre quadrature 
rraula 

C PKOUHAMr.E DIRICHLET (SAXENA,B.SJ 

DIME .AlDN ACZ2,32) ,R(32,32) ,S(32,32) ,U(32,32) ,Y(32,32) 

DIHIL.JICN X(32) ,Y(32) ,Z(32) ,UL(32) ,UR(32) ,31(32) ,H(32) ,X0(8) ,Y0(8) 
DOUBLE PitECISION A,R,S,D,Y,X,Y,2,DL,DR,XM0D,B1,B2 ,B3,B4,B5,B 
CALL FLIIN (1000) 

READ 70, (X0(J) ,J=1,8) 

READ 70, (Y0(J) ,1*1,8) 

PRINT 100 
PRINT 200 
PRINT 300 
DO 700 1NI*1,4 
HEAD W, N 

READ 60, CSI(J) ,1*1 ,N) 

READ 60, (H(J) ,J=1,N) 

PRINT 90, N 

PI*3. 141 5926535897930 

RADIUS=iyPI 

I«0 

5 1=1+1 

IF (I-H) 55,55,65 
55 CONTINUE 

FlsPI^^tSId) 

Y(I)a4.‘3<t (RADIUS*^'^2)*DC0S(2,*FI) 

DO 31 J=1,N 
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IF 131, 135,131 

135 A(I,.n =iiC.T)+2. 

(;i> TO 31 
131 AdvO 

31 CO'iTiNrE 

GO TO 5 

65 K=1 

45 KLsK 
KH=K4l 
DO ] = 1,N 

DO 30 J=1,N 

32 VCl,dO. 

4l K.L ~ 

DO 10 1-KL,N 

10 S(I,K3=A(I,iO-D(I,iO 
IF(K-u) 15,16,16 

15 DO 11 J = KH,N 

RCK,J) r.:A(K,J)/S(K,K)-V(K,J) 

11 R<K.,K)=1. 

KssK+2 

DO 12 I«K,N 
DO 12 J=l,ia 

12 U(I,lO=S(I,J)*rR(J,K)+U(I,lO 
IF (K-N) 21,14,14 

21 KH=K+1 

S(K,K}=:A(K,K)-U(K,iO 
DO 13 I=KR,N 
DO 13 J-1,KL 

13 ¥(K,I) =:V<K,I)+S(K,J)3I« 

14 GO TO 41 

16 B(ii,N)s:l. 

K=1 

DO 17 1=1, N 



1 i'o 


UL(l)eU. 

17 I' K( 1)^-0. 

IB z(K)-;(K)/S(K,K)-UL(K) 
iv (k-N) 20,19,19 
20 IX Vli 1=1 ,K 

22 1!L(K+1) =rUL(K+l) + S(K+l,I) *Z(I)/S(K+1,K+1) 

F.= M 
GO TO IB 


19 

25 

Um^Zim -tIRCKM) 

IF (KM-1) 26,26,27 

27 DO ::B 1 = KI4,H 

28 UR(KM-l) =t]R(KM-l)+R(KM-l,I)'3itX(I) 

M=:H-1 
GO TO 25 

2S PR1:hT 40, a(I) ,I=1»R) 

PRINT 778 
DO 75 1=1,8 

RV=DSQRT(X0(I)* ^ 2+T0(I)*^2) 

AI = i 

rT-P!»i (Al-l»)/^» 


cv=o. 


51 


DO 51 J=l,?5 
B1=PI*-SI(J)-CI 


=RADIUS+RV*DC0S(B1) r,ra<^(Bl) 

sRADIU S*^2+B7*it2+2 ** RASIES « 

* RADIUS Hfc H(J) * B2/ (2 .^B3) 
rC¥+X(J) * B4 


ERRORS DABS (CV-AT) 

75 PRINT 30, XO(I) ,XO(I) 
700 CONTINUE 

AVsXO ( D-i* *2-10 ( I)** 2 


AV,CY, ERROR 
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300 Fl.l:ffiAT (X.famVE-CIROlE OP BADins 1 /PT *1 


KOH’-:aT (X,*SIGMAS V(4D20.16)) 

FCHAAT <4D20,.16) 

R'h'iAT (FD16.<?) 

Fl'iiAAT (RD7.5) 

FUHv.aT (I?) 

FCH’'.AT (X,2!ms,l3) 

778 FOitMA? (7X,i.X0^l4X,l.I0V2X,l^A.V.t,12X,^C. 
100 FOHM AT (X,t COMPUTED VALUES OF FI AT P{XO 10) 
STOP ’ 


40 

60 

30 

70 

80 

90 


©ID 


,12X,%ERR0Rl^) 
FOR GAUSS QUAD.*) 
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APPENDIX III 

Autocode programme for Dirichlet Problem for rectangular 
omain by First Method when $(p) = - y^. 

K0GRAI4ME DIRICHLET (SAXEM,R.S.) 

.ARR X(48) ,1(48) ,P(49) ,Q(49) ,D(48)S 
NP X0(15) ,10(15)2 

OM A=0,5 B=1,0 P2=A+B P3=A+2.B P4=2.A+2.B P5=3.A+2.B 

6=3.A+3,3 P7=3.A+4.3 P8=4.A+4.BX 

OM :H=12l 

,LIB PRO 25(N,AN)2 

'RI AT HSP sHX 

OM H-P8s(2.AN)2 

m C(2304 N.N)X 

,.C0M NP=(2,M-l) 

F HP (=A THEN 4^ 

.F NP (*P2 THEN SX 
F NP («P3 THEN 61 
;F NP (=P4 THEN 7l 
F NP (=P5 THEN ^ 

F NP (=P6 THEN 91 
F NP (=P7 THEN lOl 
F NP (=P8 THEN 111 
:.C0M 1/1/ 

UMP 12l 

.COM ]?/]^=P2-NP I/K/=-AS 
UMP 12X 

.COM V^=P2”NP 
UMP 12l 

.COM 1/1/ l/i^«P4^UPl 
UMP 121 

.COM X/lv/=-B Y/I(^=P4-NP1 
UMP 121 



X /o 


9. COM }i/K/=NP-P6 I/K/=-4 
TUMP 122 

10. COM Vlv/=NP-P6 l/^n-4 
JUMP 122 

L1.COM )^/K/=B Y/l9'=:Hp.p^ 

12. COM XN=T</J^ IN=I/E/| 

PRI AT HSP NP,XN,IN2 

DO 3 Mr:l (1) .K=l (1) N| 

13. COM IP=:2.(M-1) .4 
IF IP (*A THEN l4 
IF IP (=P2 THEN 152 
IF IP (=:P3 THEN leX 
IF IP (=P4 THEN 172 
IF IP <=P5 THEN ISt 
IF IP (=P6 THEN 192 
IF IP (=P7 THEN 202 
IP IP (=P8 THEN 212 
L4.COM P/Iv/=B Q/V*=IP2 
rUMP 221 

L5.COM P/I^=P2-IP Q/I^=A2 
LUMP 222 

L6.COM P/K/=P2-IP (yi5/=i2 
LUMP 222 

l7.COM P/I^/s-B (yV=P4-IPl 
rUMP 22l 

.8. COM P/ig/=-B (yi5/=:P4-IP2 
rUMP 22l 

.9. COM P/^=IP-P6 Q/i^=-i2 
'UMP 222 

10. com p/K/nip-pe Q/i^s-iX 

'UMP 222 

11. COM p/V=B 

12. COM PN=P/I?/ QNsQ/E/I 
’HI AT HSP IP,FN,QN2 


JL ( r) 


DC 13 M=1 (1) .K=l (1) NX 
COM :KN=N+1X 

39.COM P/iV'-P/l/ Q/K/=Q/i/2 
DO 39 (1) .1| 

2 3 . COM D/ 1/ =- ( X/ 1/ « 2-1/ 1/ * 2) I 

24. C0H FX=L'K(P/K/~X^I/) '2+(Q/X/-I/I/) ’2) FY=LN((P/K+l/-Vl/) ’2 
+ (^i/X+l/-Y/I/) «2) XI=:(X/K/-}(/l/) «2+(Y/i9'-Y/l/) ‘22 

IF rf =0 THEN 25 OTH 26X 

25. COM C/I,iv^=2.Il.(LN(H)-l)2 
JUMP 271 

26. CUM FZ--LNCXY)2 

COM C/I,:S/=U.(FX+FY+4.FZ) j62 

27. DO 24 ifcl (1) N2 
DO 23 1=1 (1) M 
ALG EQU SYS (N,C,D)2 
PRI AT HSP DCU)X 

PRI TEX COORDINATES OF POINT AV C? ERROlS 

28. COM AV=XO/J/ *2-Y0/J/ ‘2 SUMrOl 

29. COM FX=LN((P/X/-XO/J/) '2+(yi^/-Y0/J/) ’2) FY=nU (P/K+l/-XO/J/ 
) ’2+(Q/K+l/-Y0/J/) '2) FZ=IN((X/I^-X0/J/) *2+(Y/ V-YO/j/) ’2) 
MD=PX+Fy+4.FZ sum=sum+md,d/^2 

DO 29 K=1 (1) NX 

COM CV=-Ii.SUMj6 ERROR=MOD(A¥-C10 PXO=XO/J/ PYO=YO/J/X 

PRI TAB 7 DIG 13 PX0,13 PY0,12 AV,12 CY,12 ERROlS 

DO 28 J=1 (1) 15X 

COM :N=N+12l 

IF :N )48 THEN SOX 

JUMP 22 

30. STOP 2 

START l2 





doi’ 


by 


Utocode programme for Dlrlohlet Problem for rectangular 
Jaeco’id Method when g(p) = x. 


PhD G HA..; MS DIHI^HLET (SAIEIA,R.S.)X 
l.AHH X(4.^') ,Y(48) ,P(49) ,Q(49) ,D(48)X 
INP XO(ir) ,Y0(15)| 


COM A=0,.T B=1,0 P2=A+B P3=A+2 .B P4=2.A+2.B P5=3.A+2.B 

P6=3.A+3.B P7=3.A44.B P8=4.Af4.B PI=3,141593X 
COM 


32. LIB PKC 25 (H, AN) I 
PHI AT ;;3P iMX 

AHR C(2304 N.K)| 

COM n=P8:(2 .AN)! 

33. COM LS: (2.M-1) .IS 
PERF 20X 

COM }!/V=CM Y/I/=DNX 
DO 33 M=1 (1) .K=l (1) N| 

3 4. COM LS=2.(M-1) .iS 
PERF 201 

COM P/K/=CiM Q/i9'=DN2 
DO 34 M=1 (1) .10=1 (1) Nl 
COM iNN=N+l2 

35. coM p/j/=p/i/ q/j/=q/i/l 
DO 35 J=NN (1) .11 

42.COM PS^fcOX 

36. COM FX=(iyj+l/-l/l/) .(P/J/-X/l/)-(Q/J/-l/l/) . (P/J+l/-X/l/) 
5Y=(Q/J+1/-Y/I/) .(Q/J/-Y/I/) + (P/J41/-X/I/) .(P/J/-X/I/) 
FI=ARCTG(FX:FY) c/i,j/=pi psm=psm+fi1 

DO 36 J=1 (1) Nl 
PRI AT HSP PSM2 
COM D/I/z=2. PI, 1/1/1 
DO 42 l=:l (1) N| 

37. COM C/I ,J/=C/I , JAPIX 



c? 


lEROiS 


DO 37 1=1 (1) ..T=l (1) NX 
ALG EQU SYS (:i,C,D)| 

PHI AT iioF D(;0X 
PHI AT T:-.L 

PRI i COUiiDI'.’ATES OF POINTS 

3 8. COM A?=XO/l/ SUM=0 PSM=:0| 

39. COM FX=(0/J4V-Y0/I/) .(p7j/-X0/I/) -(P/Jh-V-XO/I/) .(^jZ-yo/i/ 
) FY = (0/J+I/-Y0/I/) .(Q/J/-IO/I/)+(P/J+i/-XO/I/) .(P/J/-X0/I/)S 

IF FY ^0 THEN 66 OTH 88X 
66.COM SlrPIsSl 
PRI AT riSP SIl 
JUMP 9P1 

88. COM Sl=AIiCTG(FX:FY)l 
99. IF SI (0 THEN 77 OTH Ul 
77.COM SI=-PI+Sll 

44.COM SUM=SUM+SIorZJ/ PSM=PSM+Sll 
DO 39 J=1 (1) NX 
PRI AT HSP PSMX 

COM CV=SUM;(2.PI) PX0=X0/3/ PYO=:IO/l/ ERROR=MOD{A¥-CV) X 
PRI TAB 7 DIG 13 PX0,13 PY0,12 A¥,12 C7,12 ERROiS 
DO 3R 1-1 (1) 15| 

COM ;N=N+a2l 
IF :N) 48 THEi'! 30 OTH 32l 
30. STOP t 
20. SUBROUTINE X 
IF LS (=A THSI^ 4 
IF LS (=P2 THEN 5X 
IF LS (=P3 THEN 6X 
IF LS (-P4 THEN ll 
IF LS (=P5 THEN 8X 
IP LS (=P6 THEN 9l 
IF LS (=P7 THEN lOl 
IF LS (=P8 THEN ll| 

4. COM CN=B DN=LS2 



JUMP 12X 

5, COM CN=P2-LS DN=i\| 
JUMP 12l 

6, COM CN=P2-LS DN=:ii| 
JUMP 12l 

7. COM CN=-B DN=P4-LSl 
JUMP 12l 

8. COM CN=-B DN=P4-LSX 
JUMP 

9, COM CN=LS-P6 
JUMP 12l 

10, COM CN=LS-P6 DN=-i| 
JUMP 12l 

11. COM CN=B DN=:LS-.P^ 

12. PRI AT HSP LS,CN,DN| 
EXIT X 

START iX 
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appendix IV 

Autocode programme for torsion problem for equilateral 
trlanrnlir cross-section, by First Method. 

PROGR/C-IME TORSION (SAIENA,R.S.)1 

1. ARR X(48) ,Y(48) ,P(49) ,Q(49) jDUa)! 

INP X0(56) ,Y0(56)X 

PRI TEX TORSION PROBLEM FOR TRIANGLE BY FIRST METHODl 
COM j!4-^2| 

2. LIB PRO 25(M,AM)1 

COM :M2=2.M N=6.M MM=M+1 MK=3.M MD=MK+1 NN=N+1 MN=MM+1 
MS=M2+1 MP=MD+ll 
LIB PRO 25CM2,AM2)X 

COM A=1:3U1:2) H=0,5;AM H1=H.3‘(1:2) PI=3.141593S 

ARR C(2304 N.N)1 
PRI AT HSP :NX 

3. COM X/I/=A Y/]/=(2.AK-l) .iS 
DO 3 AK=:1 (1) ,1=1 (1) Ml 

4. COM X/I/=A-(2.AI-1) .HI j/l/:=il/l/+2,A) t3‘(li2)I 
DO 4 AI=1 (1) ,I=MM (1) 

5. COM 3{/X/=VJ/ Y/]/=-Y/J/X 
DO 5 I=MD (1) .J=MK (1) .1| 

COM sMK=MK-l MD=MI>f-ll 

IF :1-MK (=0 THEN 5| 

PRI AT HSP :N,X{N) ,Y(N)1 

6. COM P/X/=A q/l/*2.AK.ii 
DO 6 AK=0 (1) .1=1 (1) MMS 

7. COM P/3/=A-2.AI.H1 Q/I/=(P/I/+2.A) J3U1 s2)1 
DO 7 AI=1 (1) ,I=MN (1) MD| 

COM ;MK=3.MX 

8. COM P/I/=P/J/ Q/I/®-Q/J/I 
DO 8 I=MP (1) .J=MK (1) .12 
COM ;MK=MK-1 MP=MP+l| 
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IF :1-MK (=0 Trim ^ 

PRl AT MSP PCnO ,Q(NH)1 

23 . COM D/ 1/ =- ( V 1/ ‘ 2+Y/ 1/ ^2) t2l 

24. COM FX=LN((P/K/-Vl/) ’2+(Q/V-Y/l/) '2) FY=LKf ((P/K+I/-VI/) *2+ 

(Q/K+3y-Y/l/) *2) »2+(Y/]^-l/3/) «2l 

IF XY =0 THEN 25 OTH 26l 

25. COM C/I,V=2.H,(LN(H)-1)X 
JUMP 27t 

26. COM F2=LN(XY)X 

COM C/I,K/=H.(FX-fFY+4.FZ) 

27. DC' 24 K=1 (1) Nl 
DO 23 1=1 (1) Nl 
ALG EQU SYS (N,C,D)2 
PHI AT HSP D(N)X 
PRI AT TEL :NX 

PRI TEX COORDINATES OF POINTS AV CV EEROM 

28. COM AV=- (XO/ J/ ' 3-3 .XO/J/ .YO/J/ ’2) J (6 .A) +2 .A’ 2 S3 SUM=Ol 

29. COM FX=LN((P/K/-X0/J/) ’2+(Q/V”Y0/J/) ’2) FY=LN ( (P/K+I/-XO/ J/ 
) *2+(Q/K+l/-Y0/J/) ’2) FZ=LN((X/i^-XO/J/) «2+(Y/^-Y0/J/) ’2) 
KD=FX+FY+4.FZ SDM=SUM+MD.D/I?/1 

DO 29 K=1 (1) Nl 

COM C¥=-U.SUM!6 ERR0R=M0D(AY-CV) pxo=xo/j/ pyo=yo/j/I 
COM con STsC V- ( PXO ' 2 +PYO ’ 2 ) :2S 

PRI TAB 7 DIG 10 PXO, 10 PY0,12 AV,12 CT,12 ERROR, 10 CONSTX 

DO 28 J=1 (1) 56l 
COM jM=M+2X 

IF :M ) 8 THEN 20 OTH 2X 
20. STOP 1 
START ll 


Autocode programme for torsion problem for equilateral 
triangular cross-section, by Second Method 

PROGRAMME TORSION (SAXENA,R.S.)1 
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1. Afiri X(4R) ,1(48) ,p(49) ,Q(49) ,D(48)X 
INP X0(56) ,Y0(56)X 

COI-i 

2. LIB PKO 25(M,iM)X 

COM J'l M=6.M MM=M+1 MK=3.M MD=MK+1 M=N+1 MN=MM+1 

MS=M2+1 MPr-MEH-lX 

COM A=l:3'(l:2) H=0,5:M HI=H.3‘(1 !2) :2 PI=:3.14159^ 

ARR C(2304 L.N)1 
PRI AT I ISP :HX 

3. coil J/1/~A y/I/=(2.AK-l) .Hi 
DO 3 Aivrl (1) .1=1 (1) Ml 

4. COM X/I/=A-(2.AI-1) .HI Y/I/=(2/IA2.A) :3’(1:2)I 
DO 4 AI=1 (1) .I=MM (1) MiS 

5. COM X/I/=1/J/ l/3/=-l/J/l 
DO 5 I=MD (1) ,J=MK (1) .IX 
COM :MK=MK-1 MD=MD+ll 

IF :1-MK (=0 THEN 5l 
PRI AT IlSP X(N) ,Y(N)1 

6. COM P/I/=A Q/I/=2.AK.M 
DO 6 AK=0 (1) .1=1 (1) MMI 

7. COM P/‘J/=A-2 .AI .HI C^l/=(P/l/+2.A) :3’(li2) X 
DO 7 Al=l (1) .I=MN (1) MDl 

COM :I4ifc3.Ml 

8. COM P/3y=P/J/ Q/I/*-Q/VX 
DO 8 I=MP (1) .J=MK (1) .11 
COM :MK=MK~1 MP=MP+ll 

IF :l-MK (=0 THEN 4 

PRI AT HSP P(NN) ,Q(HN)X 

19.COM SUM=Ol ^ 

9. C0M ra=-(P/jH-V-3t'V) .(Q/V-VV)+(«/^V-Y/V) . P/J/-V 

n=(p/j+V-V3/) .(P/J/-V]/)+(4/J+V-VV) 

COM FYM=M0D(FI)1 

IF FY14 (-8 THEN 66 OTH 88l 

66.COM SI=PIs2l 
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JUMP 44 1 

88.COM SI=ARCTG(FX: FY)| 

44.COM C/I,J/=SI SUM=:SUM+Sll 
DO 9 Js=l (1) NX 
PRI AT HSP SUMl 
COMP D/I/=PI.(X/I/»2 +i/i/. 2)2 
DO 19 1=1 (1) Nl 

10. COMP C/I,J/=C/I,J/+PI| 

DO 10 1=1 (1) .J=l (1) Nl 
ALG EQU SYS (N,G,D)| 

PRI AT HSP D(N)X 
PRI AT TEL sMi 

PRI TEXT COORDINATES OF POINTS A? CY ERROlS 

11. COM AV=-(X0/I/»3-3.X0/]/.Y0/I/»2):(6.A)+2.A'2:3 SUM=02 
COM PSM=OX 

12. C0MP FX=-(P/J+V-X0/I/) .(Q/J/-IO/l/) + (Q/J+l/-IO/l/) . 
(P/J/-XO/I/) FY=(P/J+I/-X0/I/) .(P/J/-X0/I/)+(Q/J+I/-Y0/]/) . 
(Q/J/-Y0/I/)1 

IF FY=0 THEM 60 OTHERWISE 80X 
60.COM Sl=PI:2l 
JUMP 90X 

80.COM S1=ARCTG(FX:FY)| 

90. IF SI (0 THEN 70 OTHERWISE 40| 

70. COM SI=PI+SIX 

40.COM SUM*S0M+SI.l/J/ PSM=PSM4SI| 

DO 12 J=1 (1) NX 
PRI AT HSP PSMS 

COMP CV=Sm4i(2.PI) ERR0R=M0D(AV-CY) PXO=XO/l/ PY0=I0/l/l 
COM CONST=C¥-(PXO 2+PY0'2) :2X 

PRI TAB 7 DIG 10 PX0,10 PY0,12 AY, 12 GY, 12 ERROR, 10 CONSiS 
DO 11 1=1 (1) 56X 
COMP iM=M+2X 

IF :M ) 8 THEN 20 OTHERWISE 21 
20. STOP 1 
START IX 
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appendix ? 


Autocode programme for torsion problem for circular cross- 
section W:Ui a circular notch in the ratio a:b = 4 j 1, by First 
Method . 

PROGnAhhE I’URSION CSAXENA,R.S.) X 

1. AHH X(3o) ,Y(36) ,P(37) ,Q(37) ,D(36)X 
INP XO(lOl) ,Y0(101)X 

COM A=2,0 THETA=:ARCC0S(B:(2 .A)) PI=3,141593X 

COM :M=ll 

2. LIB PRO 25(M,AM)X 

COM jNsB.M Ni'J-M+l MM=M+1 MN=M+N KM=MN+1 TM=2 .MN DM=MN+2 

IN=N+2.M KV^TI«i+l CN=IN+1X 

ARR C(12PG TM.Ti'OX 

COM FI=TilSTA;AI'l SM=AI^+1 H=B.FI;2X 

3. COM Vl/=A,(1+C0S((2.AK-1) .FIj8)) I/I/=A.SIN ( (2 .AK-1) .FIjS) 
P/I/^A.(1+C0S((AK-1) .FI:4)) Q/l/=A.SIN((AK-l) .FI:4)I 

DO 3 AK=1 (1) .1=1 (1) 

4. C0M X/I/=B,C0S((2.AJ-1) .FI:2) Y/l/=B.SIN((2.AJ-l) .FI:2)I 
DO 4 AJ=AM (-1) .I=KN (1) .MX 

5. COM 1/is/^J/i/ Y/iv/=-l/J/| 

DO 5 J=MN (1) .K=KM (1) .l| 

COM iMN=MN-l KM=KM+1X 

IF :KM-TM <=0 THEN 5X 
PRI AT HSP :TM,X(P) ,Y(TM)| 

6. COM P/I/=B.C0S((AJ-1) .FI) Q/I/=B.SIN((AJ-1) .FI) X 
DO 6 AJ=SM (-1) .I=NN (1) 

COM :MN=M+NX 

7. COM P/I/=P/J/ (/iA-Q/J/I 
DO 7 J=MN (1) .I=DM (1) .IX 
COM sMN=MN-l DMsDM+lX 

IF jDM-MV (=0 THEN 7X 
PRI AT HSP P(MV) ,Q(MV)1 
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COM :NI=0| 

9. COM :NI = ;,'T+1 NK=:Ol 
10. OCK 
PERF 201 

IF FZ =U T :Z: 15 OTH 25l 
15.COM R-A^ 

PERF 301 
COM 

JUMP 4Cl 

25.COM ZN=:LU(FZ) tZl 

COM C/ 1 , V = C XU+ X’N+ 4 .ZH) . H : 3X 

40 .DO 10 li^l (1) ml 

DO 9 1=1 (1) NX 

COM :NI=KN-3^ 

49. COM jNI=NI+1 NK=0X 

50. COM :MK=NK+lX 
PERF 20l 

IF FZ =0 mm 55 OTH 45X 

55.COM R=Bl 

PERF 30X 

COM C/l,lv^ = INVX 

JUMP 60X 

45.COM ZN=LNCFZ) :2l 
COM C/I,K/=(XN+YN+4.ZN) .H:3| 
60. DO 50 K=1 (1) TMl 
DO 49 I=NN (1) INX 
COM :NI=CN-1X 

69. COM :NI=NI+1 NK=OX 

70. COM :NX=KK+ll 
PERF 20l 

IF FZ s:0 THEN 75 OTH 80X 
75.COM R=:Jil 
PERF 30X 
COM C/I,K/=INVX 
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JUMP POX 

80 .COM Z:^~hKiFZ) :8X 

COM C/ 1 , X'' = (X::+YS+4 .ZU) .H:3| 

90 .DC 70 X=1 (1) TMX 

DO 6P I^C.: (1) M 

85. COM D/I/=-(VI/’2+Y/I/'2) j2| 

DO 85 1=1 (1) TMX 
ALG EQU SYS (TM,C,D)X 
PHI AT HSP D(TM)X 
PHI AT TEL 

PHI TEXT CCOitDlNATES OF POINTS AY CY EHROlS 

95. COM AV=A.(X0/I/-B’2.X0/I/:(X0/I/»2+I0/I/>2))+B'2j2 SM=0X 

96. COM P'X=LNC(P/J+1/-X0/]/) '2+((yj+l/-Y0/l/) *2) FY=LN((P/J/- 
XO/I/) ’2+(yj/-Y0/l/) ‘2) FZ=LN((VJ/-X0/I/) '2+(Y/J/-Y0/I/) ’2) 
MF=FX4FY+ 4 .FZ SUM=:SaM+MF.l/j/X 

DO 96 J=1 (1) TMX 

COM CY=-H.SUM:6 ERROR=MOD(AY-CY) PXO=XO/l/ PYO=YO/l/l 
COM COKST=CV- (PXO ’2+PYO ‘2) iZl 

PRI TAB 7 DIG 10 PXO, 10 PY0,12 AY, 12 CY,12 ERROR, 10 CONSTX 

DO 9ft 1=1 (1) 1032 

COM :M*2.M2 

IF :M)2 THEN 99 OTH 21 

99. STOP X 

20. SUBROUTINE 1 

100.COM XN=LN((P/lrfl/-X^J/) ’2+(Q/L+1/-Y/J/) ’2) :2 
YN=LN((P/I/-X/J/) ‘2+(Q/I/-Y/J/) ’2) :2 
FZ=(X/I/-X/J/) ‘2+(Y/l/-Y/J/) '2l 
DO 100 L=NK (1) .J=NI (1) .IX 
EXIT 2 

30. SUBROUTINE 1 

COM APPY=(LN(H)-1)-H‘2:(72.E'2)-H‘4j(14400.R’4)- 

H '6 1 (1270080 .R ‘6) INT=H.APPY INY=2.INTX 
EXIT 2 
START IX 
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AUl.coode ppogramme for torsion probleis. for curculsr cross- 
sect on vn t h r, circular notch in the ratio a:h = 8:1, by Second 
Methud, 


PKCl l-uA'.y.'l TChSJON (SAXENA,R.S.)S 

l.ABR ,I(?4) ,P(35) ,Q(35) ,D(S4)1 

COM A=2,C B=0,25 THETA=ARCC0S(B:(8 ,A) ) PI=3, 1415932 

IMP X0(1C3) ,Y0 (103)1 

PRI TEX TCR.PRC FOR CIRCLE WITH A NOTCH BY SECOND METHODl 
COM :K=.l2 

2JJi. FRO 25(K,M)1 

COM :N=16.M HN=K+1 MM=M+1 MNsM+N KM=l®-fl TM=2 .MN 
mi=y.u^2 ik=k+2,m mv=:Tm+i cn=:In+] 1 
ARR C(iir.6 TH.TFOl 
COM FI=THETA:AM SM=AM+1 H=B.FI:Sl 

3. COM Vl/=A.Cl+C0S((2.AK-l) .Fiae) I/L/=A.SIN((2,AK-1) .FI:16 
P/I/=A.C1+C03((AK-1) .FI:8)) q/IM.SIN( (AK-1) .FI:8)2 

DO 3 AK=1 (1) .1=1 (1) Nl 

4. COM X/I/=B.C0S((E.AJ-1) .FI:2) l/]/=B,SIN((2 .AJ-1) .FI:2)X 
DO 4 AJ=AM (-1) .I=MN (1) .MX 

5. COM Y/V=-I/J/1 

DO 5 J=MN (1) .K=KM (1) .l2 
COM :MN=!-{N-1 KM=KM+l| 

IF :KM-TM (=0 THEN 51 
PRI AT HSP :TM,X(TM) ,Y(TM)X 

6. COM P/I/=B.C0S((AJ-1) .FI) Q/]/=B.SIN((AJ-1) .FI)1 
DO 6 AJ=SM (-1) .I=NN (1) .mm2 

COM :MN=M+N1 

7. COM ?/!/-?/ 3/ 0/1/ =-0/^/1 
DO 7 J=MM (1) .I=DM (1) .12 
COM :MN=MN-1 m=DM+l2 

IF (=0 THEN 7l 

PRI AT HSP P(MV) ,Q(M7)2 
COM :KN=OX 
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8.CCK ;K?.”ie;4i r?feol 

cor sir-ol 

1C. cor :;rj=.jK+iX 

IF =0 TIIEK 25 OTH 351 

25.P]'JiF 30| 

cor c/i,J/=3ii 

JUMP 40X 

35,PKRF 202 

COM C/l,J/=:Sll 

40.COM SUM~SUM+SIX 

IX) 10 J=:l (1) TMX 

PRI AT fICP 

DO 8 1:^1 (1) NX 

COM 

15. COM :K1'I=».+1 JN=OX 

COM sum=o2 

45, COM :JN=JN+1X 

IF :JM-3CN -0 THEN 55 OTH 651 

55.PERF 1002 

COM C/l,J/=Sll 

JUMP 50l 

65.PERF BOX 

COM C/I,J/=SIX 

50.COM SUM=:SUM+Sll 

DO 45 J=1 (1) TMl 

PRI AT HSP SDM| 

DO 15 I=NN (1) INX 

COM :KN=INX 

70.COM sKN=M4l JN=OX 

COM SUM=OX 

75.COM :JN=JN4l2 

IF :JN~I{N =0 THEN 85 -OTH 95X 

85.PERF 301 

COM C/l,J/=Sll 





JUKP PCX 
95.P1';HF 'JCl 
COK C/l,.:/-oIX 

80 .CCP sr;:=GiM+siX 
DO 7G J=1 (1) TMX 
PRI AT I:SP 3TMl 
DO 70 I=:C:. (1) M 

66.C0P. C/I,J/:=C/I,JApi D/I/=PI .(W ’2+1/3/ ’2)1 

DO G6 J=1 (1) .1=1 (1) TMl 

ALU EQU GYS (TM,C,D)X 

PRI AT hSP D(TM)X 

PHI AT ThL :K,:Nl 

PRI TMT COORDINATES OF POINTS A? CV ERROR CONSIX 

68. COM AY=A.(XO/l/-3’2.XO/l/:ao/l/’E+YO/3/'2))+B'2:2 SUM=Ol 
COM F 334=01 

69. C034 FX=(!yj+3/-YO/l/).(P/j/-XO/l/)-(P/J+V“XO/l/) .(Q/J/- 
YO/I/) PY=(F/J+1/-X0/I/) .(P/J/-XO/]/) + (!yj/-YO/l/) .(Q/J+l/- 
10 / 1 /) 1 

COM FYM=3I0D(FY)1 

IF FYM <10-8 THEN 104 OTH 1051 

104.COM SI=PI:2l 

JUMP 92l 

105. IF FY (0 THEN 107 OTH 1021 
107.COM XY=MCTG(FX:FY) SI=PI+XYX 
JUMP 92l 

102.COM SI=ARCTG(FXjFY)| 

92.COM SUM=SUM+SI.D/J/ PSM=PSM+SIX 
DO 69 J=1 (1) TMX 
PRI AT HSP PSMX 

COM CY=SUM:(2 .PI) ERRORrMOD(AV-CV) PXO=XO/]/ PYO=YO/l/l 
COM C0NST=CY-(PX0’2+PY0‘2) J2l 

PRI TABLE 7 DIG 10 PXO 5 IO PYO 5 I 2 AVjl2 CV^IB ERROR 5 IO CONSTX 
DO 68 1=1 (1) 94| 

99. STOP X 



20,£I'BRCU':]NE 2 

43,C0Ii FAr-( 2/ L+IZ-Y/IO') (p/jJ y/v/\ /■•*>,/ / 

Fi'=(r7uV-x/V)AP/V-ZvwJZ/^MZf,V W 

SI= ARCTG ( Fa :I.T) X / ^ . 10/ L+V-Y/ i^) 


DO 43 Kj=a-F (1) ,L=:JN (1) 

EXIT X 

SO.SUL'PdUTlI'iE 2 

53 . COL -ii . C P/ V+ V iZ') ~ ( F/iZ . V IZ+Q/ V .I/V) 

(Y/iy .F/1/-//1/ .Q/jZ) 31=2 ,ARCTG(FX;FY) 3t 
DO 53 KriiL (1) .1| 

EXIT t 


FY=i,(Q/V-Y/X/) 


lOO.SLJU'iOUTlL'E 


I 


101. COM FX=(X/IZ.P/IZ+Y/IZ.^IZ)-B»2 

SI=2.A](CTG(FX:FY)| 

DO ICl FrriJ'i (1) .12 
EXIT 2 
START iS 


FY=:X/^ .Q/lZ-Y/iZ .P/iZ 
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appendix VI 

Au'wccoae programme for computation of stress function for 
rectaiu’il^ir cross-section (2 X 1) with a rectangular notch( .4 X .2) 
by First Method. 

PROGRAIiKE TCRSION (SAXMA,R.S .) X 

1. AHR X(4P) ,f(48) ,P(49) ,Q(49) ,D(48) ,CV(84) ,X0(84) ,I0(84)X 
con :XN=ll 

con Qi--o,ix 

21. COM X0/I/=0,1.AI Y0/I/=QP| 

DO 21 AI^^O (1) .I=XK (1) .10| 

COM QP=QP+0,1| 

COM :XN->CI+10l 
IF iVJi (70 THEM 21X 

22. COM X0/I/=0,1.AI Y0/I/=QPX 
DO 22 AI=3 (1) .I=XN (1) .7X 
COM QP=QP+0,1X 

COM :XI^t=XN+7X 
IP :XII (84 THEN 22| 

PRI AT HSP X0(84) ,Y0(84)| 

COM :K=Ol 

2. COM :N-N+16l 
LIB PRO 25(K,AN)X 
ARR C(2304 N.R)| 

COM HP=3,2:AR H=2 .HP PI=:3, 141593 BN=AN:2l 
LIB PRO 26(BN,NI0X 
COM :KK=KK+1 PK=NlS 

3. COM LS=(2.M-1) .HPX 
PERF 601 

COM l/K/=CW Y/V=DN1 
DO 3 M-1 (1) .K=l (1) Niff 
5. COM }(/3/=->/J/ I/V=J/V2 
DO 5 I=MK (1) .J=NK (1) .ll 
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COI-: ':iv=NK-ix 

IF Sl-Iiv-K (irC THEN 5X 
PR3 AT :.:}P :N,X(N) ,I(N)X 
4. COM L3=l>.(yi-1) .HPX 
PEEK C50l 

ccK p/i-y=c:; y*y=DNx 

DO 4 M=1 (1) .fcl (1) MIS 
COM :NlvrFk CE;=NK+2 MN=K+l2 
9. COM p/l/rr-p/j/ Q/l/=q/jt 
DO 9 I=^CE (1) .J=NK (1) .1| 

CCi: :CL=CK+I NfcNK-lX 

IF :Ck-hn (=0 THEN 9l 

PRI AT H3P P(rvN) ,Q(NN)X 

10 . COM D/ !/=-(}{/ 1/ ‘2+1/ 1/ ‘ 2) i2X 

11. COM FA=LK((P/iy-X^I/) >2+(Q/V-5:/I/) ’2) IY=LN( (P/K+]/- 
I/I/) ‘2 + (-'yk+l/-Y/l/) ’2) II=(I/I/-J/1/) ’2+(Y/iy-Y/l/)‘22 
IF XY =0 THEN 12 OTH IsS 

12. COM C/I,F/=H.(LN(H;2)-1)X 
JUMP 162 

13. COM FZrLN(XY) C/I ,F/=H.(FX+FY+4.FZ) :12X 
16 .DO 13 K=1 (1) NX 

DO 10 1 = 1 (1) n2 
ALG EQU SYS (N,C,D)| 

PRI AT HSP D(N)2 

PRI TEX TOR. PRO. FOR RECTANGLE WITH A RECTANGULAR KOTCiS 
PRI AT TEL :NX 

PRI TEXT COORDINATES OF POINTS VALUES OF SI STRESS FUNCTION! 

14. COM SUM=0 PSM=02 

15. COM FX=LN((P/iy-X0/3/) ’2+(Q/iy-YO/3/) ‘2) FY=:LN((P/K+l/~ 

XO/I/) ‘2+(Q/K+1/-Y0/I/) ‘2) FZ=LN((VI^>X0/I/) ‘2+(Y/iy-Y0/l/) ‘2) 
MD=FX+FY+4.FZ SUMsSUM+MD.D/iyi 

DO 15 K=1 (1) Nl 

COM CV/l/s=-H.SUM:lE C?X=CV/]/ PXO=XO/l/ PYO=YO/3/ 

CONST=CVX- (PXO ‘2+PYO ‘2) :2l 



PrJ lAB 7 DIG 13 PXO ,13 PY0,15 CYI,15 CONSTl 
DO 14 1=1 (1) 84^ 

IF :i; ) 4F TlKi 70 OTH 2l 
70. STOP 2 
60. SUB I 

IF LS (=1 THEN 611 
IF LS (=2 TEEN 621 
IF LS (=2,8 THEN 631 
IF LS (=3,0 THEN 64 OTH 6^ 

61 . COM CN=LS DN=Ol 
JUMP 661 

62. COM CK=1 DK=LS-1X 
JUMP 661 

63. COM CK=3-LS DN=ll 

JUMP eel 

64. COM CK=0,2 DN=3,8-LSX 
JUMP 66l 

65. COM CN=3,2-LS DN=0,S1 

66. PRI AT HSP LS,CN,DN1 
EXIT 1 

START ll 

Autocode programme for computation of stress function for 
rectangular cross-section (2 X 1) with a equilateral triangular 
notch by Second Method. 

PROGRAMME TORSION (SAXENA,R.S .)| 

l.ARR X(48) ,Y(48) ,P(49) ,Q(49) ,D(48) ,CV(86) ,X0(86) ,Y0(86)1 
COM QP=0,1X 
COM :m-ll 

21.COM X0/I/=0,1.AI Y0/l/=QP| 

DO 21 AI=0 (1) .I=XN (1) .101 
COM QP=QP+0,ll 
COM :XN=XN+10l 
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IF iF.2 THEN 2ll 

COIi QP=0,72 

22.C0F. X0/I/=0,1.AI Y0/]/=QP| 

DO 22 AI=1 (1) .I=M (1) .9| 

cor. QF=QF+C,ll 

COM :iO;=X!?I+92 

IF :XI\ (72 THEK 22l 

35.COM X0/I/=0,1.AI I0/I/=0,8X 

DO AI-2 (1) .I=XN (1) 86X 

con 

2. COM :n=N+16l 
LIB PHl- 25 (N, AN) I 
ARR C(2504 N.N)1 

COM IIP=3,2jAX H=2.HP PI=3,14159S BN=AN:22 

LIB PRO 26(BK,NI01 

COM :MK=NK+1 PI^NIS 

3. COM LS=(2.M-1) .HPX 

PERF 601 

COM 1{/1'/=C1'J Y/?/*DNl 
DO 3 (1) .K=l (1) NIK 

5. COM X/ 1/ ==-)(/ J/ Y/I/=Y/J/I 
DO 5 l^Mk (1) .J=NK (1) .11 
COM NKpNK-1| 

IF :MK-K (=0 THEN SX 
PRI AT HSP :N,X(N) ,Y(N)X 
COM :MK=PK+ll 

4. COM LS=2.(M-1) .HPX 
PERF 60l 

COM P/i(/=CN Q/I'/=I)N| 

DO 4 M=1 (1) .K=l (1) Mil 
COM :NIO=Piv CK=RK+2 M=N+lS 
9. COM P/l/=-P/J/ Q/Y/=^J/I 
DO 9 I=CK (I) .J=NK (1) .11 
COM ;CK=Cii+l NK=HK-ll 



IF (=o then 9| 

PRI AT . 3P P(NiO ,Q(NN)X 
1C .CCM SUMr.Ol 


•(P/V-]^/i/)-(o/j/-Vi/) .(P/J+V-Vi/) 

FY=(r/.4l/-Y/ I/) .(Q/J/-I/I/)+(p/j+]/.2^j/) .(P/J/-X/I/)X 

coj; yiK=i:oD(FY)| 

IF Fll'I (10-8 THEN 67 OTH 88X 
67. IF Y/I/ =0 THEN 98l 
COM S1=-PI:27C 


JUMP 44X 
98.COM SI=PI:2X 
JUMP 44 1 

88. COM S3=-Ai\CTG(FX:FY)| 

44.COM C/1,J/=SI SUM=SUM+SIX 
DO 13 J=i (1) N| 

PRI AT iiSP SLWv 

COM D/I/=PI.(X/I/ ‘2+1/1/ »2)X 

DO 10 1=.! (1) N| 

12 . COM C/ 1 , J/ =C/ 1 , J/+ PiX 
DO 12 J=1 (1) .I=-l (1) NX 
ALO EQI! SYS (N,C,D)X 
PRI AT !iSP D(N3X 

PRI TEX TOR. PRO FOR RECTANGLE WITH A TRIANGULAR NOTCHX 
PRI AT TEL :ia 

PRI TB.XT COORDINATES OF POINTS SI CONST! 

14. COM SlTM=0 FSM=Ol 

15, COM FX=(Q/J+1/-I0/I/) .(P/J/-XO/l/)-(Q/J/-IO/l/) . (P/J+I/-XO/I/) 
FY=(Q/J+1/-Y0/I/) .(q/j/-yo/i/)+(p/j+i/-xo/]/) .(P/J/-X0/I/)1 

COM FYM=MODCFY)| 

IF FYM (K3-8 THEN 59 OTH 691 
59.COM FI=PI:2| 

JUMP 79X 

69. IF FY (0 THEN 77 OTH 7^ 

77.COM XY=:ARCTG(FXjFY) FI=PI+XY| 
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JUMP 791 

78. C0I: F1=ARCTG(FX:FY)X 

79 . COi: SLM=SIM+FI .D/J/’"psM=PSM+FI 1 
DC IJ .:=! (1) Hi 

PRI A'i' ’jp PSHX 

COM C7/l/=3Ui'-I:(2,PI) PXO=XO/l/ PYO=YO/l/l 

COM COi ST=C?/l/-(PXO ’2+PYO ’2) :2 C?X=CV/X/1 

PRI TAB 7 DIG 13 PX0,13 PYO,15 CVX,15 COHSTX 

DO I'l 1=1 (1) S6X 

IF ) 32, TilY: 70 OTH 2l 

70. STOP 1 

60.SU.H 1 

IF L3 (=1 TIIEH 61| 

IF LS (=2 T!:LH 62l 

IF LS (=2,8 THEK 63 OTE 64l 

61. COM CH=LS DH=:Ol 
JUMP 65X 

62. COM 0:1=1 DK=LS-lS 
JUMP 65X 

63. COM CN=3-LS DN=i| 

JUMP 65l 

64. COM CM=1,G-LS:2 DN=l-(LS-2,8) .3'(1;2) :2l 

65. PRI AT iiSP LS,CN,DNl 
EXIT 1 

START ll 

Autocode programme for computation maximum shearing stress 
for rectangular cross-section (2 X 1) with a rectangular notch 
<.4 X .2) . 

programme stress {SAXENA,R.S.)1 
1 .ARR 31(12111.11)1 
IKP CV(84)1 
COM QPrO,l H=0,2X 
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23. 

CC'M 

31/ J 

,I/=((AI-1) 

.QP) ’2:2X 

DC’ 

O 

AJ=i 

(1) .3=1 Cl) 

111 

24, 

COM 

^ >*' 

,11/ = (1+((AI-1) .QP) >2) t2l 

DO 

24 . 

AJr3 

(1) .J=3 (1) 

111 

25 . 

,GCM 

31/1 

i,J/=(l+((A 

I-l) .QP) >2) :2X 

DC. 

£7 r: 

AI=2 

(1) .J=2 (1) 

lOX 

26, 

,0011 

3I/J 

,9/ = (0,64+( 

(AI-1) .QP) ’2) :2l 

DO 

26 

AI=1 

(1) .J=l (1) 

3X 

COi' 

: SI 

/3,1C 

)/=0,425X 


COr 

'i :T 

1=1X 



27, 

.COM 

, 3 I/C 

,I(/=CV/I/X 



DO 27 I=T1 (1) .J=l (1) lOl 
COM :T;!=T3+iOl 
DO 27 i'>2 (1) .7X 
COM :TI=7ll 

28. COM SI/J 

DO 28 I=TI (1) .J=4 (1) lOX 
COM :TI=TI+7l 
DO 28 K=9 (1) ,2t 

PRI TEX COOR.. OF POINTS DELX DELI TAUZI TAUYZl 
COM YI=0X 

29. COM YT=YI+QP XJ=0| 

30. COM XJ=X1 + QP DELX=:(SI/I+1,J/-SI/I-1,J/) *N 
DELY=(Sl/l,J+3/-Sl/l,J-l/) TAUYZ=XJ-DELX 
TAUZX=DELY-YI TAU=(TAUIZ‘2+TAUZX’2) ’(1:2) 
C0NST=Sl/l,J/-(YI’2+Kr‘2) :2l 

PRI TAB 7 DIG 10 XJ,10 YI,10 DELX,10 DELY,10 TAUZX,10 TAUYZX 

PRI AT nSP TAU,C0NSTl 
DO 30 1=2 (1) lOX 
DO 29 J=2 (1) 8| 

COM YI=0,7l 

31. COM YI=YI+QP XJ=I§ 

32. COM XJ=XJ+QP DELX=(S1/I+1^J/“SVI-1,J/)'^ 
DELY=(SI/I,J+1/-SI/I,J-V) TAUYZ=XJ-DELX 



c\fi 


XAUSX=DEL''f-YI TAU=(TAUIZ >2+TAUZX‘2) '(1:2) 
con 3T= SI/ 1 ,J/- (YI ‘2+XJ ’2) :2X 

PHI TAB 7 DIG 10 XJ ,10 YI,10 DEIX,10 DELI, 10 TAUZX,10 TAUYZS 
Pill AT YSP TAUjCONSTX 
DC 32 1=4 (1) 10| 

DC 31 3=9 (1) lOX 
STOP I 
START IX 


Autocode programme for computation of maximum shearing 
stress for rectangular cross-section (2 X 1) with a equilateral 
triangular notch (.4), 

progra;-:ms stress (saxena,r.s.) 1 
l.ARR 31(12111,11)1 
IKP CV(86)X 
COM QP=0,1 H=0,2X 

23. COM SI/J,1/=((AI-1) .QP) '2;2X 
DC 23 AI=1 (1) .J*=l (1) 111 

24. COM SI/11, J/=(1+((AI-1) .QP) ’2) :2l 
DO 24 AI=2 (1) .1=2 (1) 111 

25. COM SJ/J ,lV=(l+((AI-l) .QP) *2) i2l 
DO 25 AI=3 (1) .1=3 (1) lOl 

COM :Tl=ll 

27. COM SI/K,1/=CY/I/1 

DO 27 I=TI (1) .K=l (1) lOl 
COM :TI=TI+10X 
DO 27 1=2 (1) .61 
COM sTI=6ll 

28. COM S]/K,l/=GV/I/| 

DO 28 I=TI (1) .E=2 (1) lOl 

COM :TI=TI+9l . • ' - 

DO 28 1=8 (1) 9| 





38. COM SI/L,10/=CVI/1 
DO 38 K=:3 (1) .1=79 (1) 86X 

Piil TbA CCOR. OF POINTS DELX DELY TAUZX 

COI'I YI=OX 

COM 

29. CCH YI=YI+OP XJ=OX 
COM :G=G+1 Z=1X 

30. COM XJ=--XJ+QP| 

CUM :2=Z+ll 
PEftF 40X 

COM CUi:3T=S3/o,l/-ar2+XJ'2) J2X 
PHI AT H3P CONST! 

DO 30 J=2 (1) lO! 

DO 29 1=2 (1) ?! 

31. COM YI=Y1+QP XJ=QPX 
COM :G=G+1 2=2| 

32. COM XJ=XJ+QPX 
COM :Z=Z+l! 

PERF 40X 

COM C0NST=SI/J,I/-(YI'2+XJ’2) J2X 
PRI AT HSP const! 

DO 32 J=3 (1) 10| 

DO 31 I = S (1) 9X 

33. COM YI=YI+QP XJ=l! 

COM :CP=G+1 Z=3l 

34. COM XJ=XJ+QP! 

COM :Z=Z+ll 
PERF 40! 

COM CONST=S]/J ,1/- (YI ’2+XJ ‘2) :2X 
PRI AT HSP const! 

DO 34 J =4 (1) lO! 

DO 33 1=10 (1) .12 
STOP X 


TAUYZX 



’O 


41. CO;-' Fa::^( iI^L+l,l/-SI/K-l,l/) :H FI= 

*.h TAUYZ=XJ-FX 
TAlZAr-Ki- 1 1 TAU=(TAUYZ '2+TAUZX>2) ' (1 

Pill ..AP 

PHI 'I'^B 7 DIG 8 XJ,8 YI,10 FX,10 FY,10 TAUZX,10 TAUYZl 
DO 41 K=Z (1) .1=0 (1) .IX 
EXIT X 
STAHT ll 
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